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1. Introduction 

In this paper, we compute the product structure of the Hochschild coho- 
mology of preprojective algebras of quivers of type D and E over a field of 
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characteristic zero. This is a continuation of [EE2j where the cohomology 
spaces together with the grading induced by the natural grading (all arrows 
have degree 1) were computed. 

Together with the results in [ES2] where it was done for type A (over a 
field of any characteristic), this yields a complete description of the product 
in the Hochschild cohomology ring of preprojective algebras of ADE quivers 
over a field of characteristic zero. 

We note that this description is essentially uniform (i.e. does not refer to 
particular Dynkin-diagrams), while the proof uses case- by-case arguments. 

For our computation, the same complex as in [ES2j is used, namely the 
one which we get by applying the iJom-functor to the Schofield resolution 
(which is periodic with period 6) of the algebra. 

To compute the cup product, we use the same method as in [ES2J: via 
the isomorphism HH' l (A) = Hom (£l l A, A) (where for an ^4-bimodule M 
we write OM for the kernel of its projective cover) we identify elements in 
HH l (A) with equivalence classes of maps £l l (A) — > A. For [/] G HH l (A) 
and [g] G HW(A), the product is [f][g] := [foWg] in HH i+ i{A). We 
compute all products HH^A) x HW(A) -> HH i+ i{A) for < i < j < 5. 
The remaining ones follow from the perodicity of the Schofield resolution 
and the graded commutativity of the multiplication. Some computations 
are similar to those in |ES2j for type A. 

In the first part of the paper, we introduce a basis for each cohomology 
space explicitly (for each quiver). Then in the second part we compute 
the product in these bases. We use the results about the grading of the 
cohomology spaces from |EE2j to find the bases and the products. 

Note that for connected non-Dynkin quivers, the Hochschild cohomology 
and its product structure were already calculated in [CBEGj where the situ- 
ation is much easier because the homological dimension of the preprojective 
algebra is 2. 

Acknowledgements. C. Eu wants to thank his advisor P. Etingof and 
T. Schedler for useful discussions. This work is partially supported by the 
NSF grant DMS-0504847. 



2. Preliminaries 

2.1. Quivers and path algebras. Let Q be a quiver of ADE type with 
vertex set / and |/| = r. We write a G Q to say that a is an arrow in Q. 

We define Q* to be the quiver obtained from Q by reversing all of its 
arrows. We call Q = Q U Q* the double of Q. 

Let C be the adjacency matrix corresponding to the quiver Q. 

The concatenation of arrows generate the nontrivial paths inside the 
quiver Q. We define ej, i G I to be the trivial path which starts and ends 
at i. The path algebra Pq = CQ of Q over C is the C-algebra with basis 
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the paths in Q and the product xy of two paths x and y to be their con- 
catenation if they are compatible and if not. We define the Lie bracket 
[x, y]=xy- yx. 

Let R = ©jg/Cej. Then R is a commutative semisimple algebra, and Pq 
is naturally an i?-bimodule. 

2.2. The preprojective algebra. Given a quiver Q, we define the prepro- 
jective algebra Uq to be the quotient of the path algebra Pq by the relation 

Given a path x, we write x* for the path obtained from x by reversing all 
arrows. 

From now on, we write A = Uq. 

2.3. Graded spaces and Hilbert series. Let M = ©d> M((i) be a Z + - 
graded vector space, with finite dimensional homogeneous subspaces. We 
denote by M[n] the same space with grading shifted by n. The graded dual 
space M* is defined by the formula M*(n) = M(—n)*. 

Definition 2.3.1. (The Hilbert series of vector spaces) 
We define the Hilbert series /iju(i) t° be the series 

oo 

h M (t) = dim M(d)t d . 
Definition 2.3.2. (The Hilbert series of bimodules) 

Let M = (Bd>oM(d) be a Z + -graded bimodule over the ring R, so we can 
write M = ©Afjj. We define the Hilbert series Hm{P) to be a matrix valued 
series with the entries 

oo 

H M (t)i,j =J2 dim M (d)i,jt d . 

d=0 

2.4. Root system parameters. Let wq be the longest element of the Weyl 
group W of Q. Then we define v to be the involution of /, such that 
wo(di) = —OL v (i) (where 04 is the simple root corresponding to i G L). It 
turns out that r/(ei) = e v u\ ([5]; see |ES2j ). 

Let mi, i = l, r, be the exponents of the root system attached to Q, 
enumerated in the increasing order. Let h = m r + 1 be the Coxeter number 
of Q. 

Let P be the permutation matrix corresponding to the involution v. Let 
r+ = dimker(P — 1) and r_ = dimker(P + 1). Thus, r_ is half the number 
of vertices which are not fixed by v, and r + = r — r_. 

A is finite dimensional, and the following Hilbert series is known from 
[MOVl Theorem 2.3.]: 



(2.4.1) 



H A (t) = (i + pt h )(i-ct + t 2 y l . 
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We see that the top degree of A is h — 2, and for the top degree A top part 
we get the following decomposition in 1-dimensional submodules: 

(2.4.2) A 1 °p = A(h-2) = Q eiAQi - 2)e u(i) 

3. Hochschild cohomology 

The Hochschild cohomology spaces of A were computed in |EE2j . We 
recall the results: 

Definition 3.0.3. We define the spaces 

U = ® d<h „ 2 HH (A)(d)[2}, 
L = HH°(A){h-2), 
K = HH 2 (A)[2], 
Y = HH 6 (A)(-h-2). 

Theorem 3.0.4. (1) U has the following Hilbert series: 

r 

(3.0.5) hu(t) = t 2 ™*- 

i=l 

(2) We have natural isomorphisms 

K = ker(P + 1), 
L = ker(P- 1), 



and 

dim Y = r + — r_ — #{i : rrij = — }. 

Theorem 3.0.6. For the Hochschild cohomology spaces, we have the fol- 
lowing natural isomorphisms: 

HH°(A) = U[-2] ® L[h - 2], 

HH 1 (A) = U[-2], 

HH 2 (A) = K[-2], 

HH 3 (A) = K*[-2], 

HH A (A) = U*[-2], 

HH 5 (A) = U*[-2]®Y*[-h-2], 

HH 6 (A) = U[-2h - 2] © Y[-h - 2], 

and HH en+i (A) = FiI i (A)[-2n/i] Vt > 1. 
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Corollary 3.0.7. The center Z = HH°(A) of A has Hilbert series 

r 

h z (t) = t 2m *~ 2 +r + t h ~ 2 . 

i=i 

4. Results about the product in the Hochschild cohomology 
ring of preprojective algebras for d- and e-quivers 

Let (U[— 2]) + be the positive degree part of U[— 2] (which lies in non- 
negative degrees). 

We have a decomposition HH°(A) = C® (£/"[— 2] ) + ®L[-h- 2] where we 
have the natural identification (U[— 2])(0) = C. 

We give a brief description of the product structure in HH*{A) which 
will be computed in this paper. Since the product HH l (A) x HH 3 (A) — > 
HH l+3 (A) is graded-commutative, we can assume i < j here. 

Let z = 1 G C C U[-2] C HH°(A) (in lowest degree 0), 
6q the corresponding element in HH 1 ^) (in lowest degree 0), 
tpo the dual element of zq in U*[— 2] C HH 5 (A) (in highest degree —4), i.e. 
V>o0?o) = 1, 

Co the corresponding element in U*[— 2] C HH (A) (in highest degree —4), 
that is the dual element of 9q, Co(#o) = 1 ; 

(fo : HH°(A) — > HH G (A) the natural quotient map (which induces the 
natural isomorphism U[— 2] — > U[—2h — 2]) and 
(j) the quotient map L — > Y induced by y?o- 

Theorem 4.0.8. (The product structure in HH*(A) for quivers of type D 
and E) 

(1) The multiplication by ^o^o) induces the natural isomorphisms 

ipi : HH l (A) — ► HH l+6 (A) Vi > 1 and the natural quotient map ipo. 
Therefore, it is enough to compute products HH l {A) x HH 3 (A) — ► 
HH i+ i(A) with < i < j < 5. 

(2) The HH° (A) -action on HH i (A): 
(a) ((U[-2]) + -action) 

The action of (U[— 2]) + on U[—2] C HH l (A) corresponds to 
the multiplication 

(U[-2}) + x U[-2] ^ U[-2], 
(u,v) I— > U ■ V 

in HH°(A), projected on U[-2] C HH°(A). 

(U[-2])+ acts on U*[-2] = HH 4 (A) and U*[-2] C HH 5 (A) 

the following way: 

(U[-2}) + x U*[-2] C/*[-2], 
(n, /) i-> bo/, 
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where (u o f)(v) = f(uv). 

(U[-2])+ acts by zero on L[h-2] C HH°(A), HH 2 (A), HH 3 (A) 
and Y*[-h-2]C HH 5 (A). 
(b) (L[h - 2}-action) 

L[h-2] acts by zero on HH i {A), 1 < i < 4, and on U*[-2] C 
HH 5 (A). 

The L[h — 2]-action on HH 5 (A) restricts to 

L[h-2]xY*[-h-2] 17* [-2], 

(a,y) i-> y((j)(a))i)Q. 

(3) (Zero products) 

All products HIP (A) x HW{A) HH i+ i, 1 < i < j < 5, w/iere 
i + j > 6 or i,j are both odd are zero except the pairings 

HH l (A) x HH 5 (A) HH e (A) 

and 

HH 5 (A) x HH 5 (A) HH 10 {A). 

(4) (HH 1 (A) -products) 

(a) XTie multiplication 

HH 1 (A) x HH 4 (A) = U[-2] x ET[-2] -> HH 5 (A) 
is the same one as the restriction of 

HH°(A) x HH 5 (A) -> HH 5 (A) 
on U[-2] x C7*[-2]. 

(b) T/ie multiplication of the subspace U[—2] + C HH 1 (A) with 
HH % {A) where i = 2,5 is zero. 

(c) XTie multiplication by 9q induces a symmetric isomorphism 

a : HH 2 (A) = K[-2] Jf*[-2] = HH 3 (A). 

On HH 5 (A), it induces a skew- symmetric isomorphism 

f3 : Y*[-h - 2] -» y[-/i - 2] C HH 6 (A), 

and acts by zero on U*[—2] C HH 5 (A). a and (3 will be given 
by explicit matrices M a amd Mp later. 

(5) (HH 2 {A) -products) 

HH 2 (A) x HH 2 (A) -» HH 4 (A), 
(a, 6) i ^ (-,-)Co 

is given by {—,—) = a where a is regarded as a symmetric bilinear 
form. 
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HH 2 (A) x HH 3 (A) -> HH 5 (A) is the multiplication 

K[-2]xK*[-2] -> HH 5 (A), 

(a,y) h-> y(a)ip - 

(6) (HH 5 (A) x HH 5 (A) -> HH 10 (A)) 
The restriction of this product to 

Y*[-h-2]xY*[-h-2] -> HH 10 (A), 

(a,b) i ^ n(-,-)</? 4 (Co) 

is given by , — ) = — /3 where (3 is regarded as a skew- symmetric 
bilinear form. 

The multiplication of the subspace U*[-2] C HH 5 (A) with HH 5 (A) 
is zero. 

5. Some basic facts about preprojective algebras 

5.1. Labeling of quivers. From now on, we use the following labellings 
for the different types of quivers: 



ai 



a 2 




n-2 



7? 




n-1 



71+ 1 



Figure 1. £> n+ i-quiver 

5.1.1. Q = D n+ \. A is the path algebra modulo the relations 

a\a\ = 0, 
a* +1 a i+ i = a^a*, 1 < n - 3 

a n-l a n-l + G*a n = an-20 n _2- 

5.1.2. Q = Eq. A is the path algebra modulo the relations 

aid* = a^a\ = a^a^ = 0, 

a^ai = a2(i2) 

04*24 = a 3 ag, 

a 2°2 + a 3 a 3 + a 5 a 5 = 0. 




5.1.3. Q = E-j. A is the path algebra modulo the relations 

a\a\ = a^at, = a^a^ = 0, 

a[a\ = 0,202-, 

a* 2 02 = a 3 al, 

a£a 5 = a A al, 

ala 3 + 0404 + a 6 ag = 0. 




Figure 4. E^-quiver 
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A is the path algebra modulo the relations 





a al = a 5 a* 5 = a 6 a,g 




0, 






a* Q a 




aial, 






a^ai 










a* 2 a 2 










a* 5 a 5 




04O4, 






O3O3 + 0404 + deal 




0. 




5.2. Preprojective algebras by numb 

bers associated to preprojective algebras, 


ers. We summarize useful num- 
yy quiver: 


Q 


exponents 


h 


deg A to P 


degrees HH^^A) 


n odd 
n even 


1, 3, . . . , 2re — 1, re 


2n 


2re - 2 


0,4, . . . ,2re - 6,2re - 2 
0,4, ...2n-4,2re-2 


Eq 


1,4,5,7,8,11 


12 


10 


0,6,8,10 


E 7 


1,5,7,9,11,13,17 


18 


16 


0,8,12,16 


Eg 


1,7,11,13,17, 19,23,29 


30 


28 


0, 12,20,24,28 



We see that for quivers of type D and E, the degrees of the space U 
(which are 2m j, < |) are even and range from to h — 2. 

We get the following degree ranges for the Hochschild cohomology: 



HH°(A) 
HH\A) 
HH 2 (A) 
HH 3 (A) 
HH\A) 
HH 5 (A) 
HH 6 (A) 



-2] © L[h 
-2] 
-2] 
-2] 
-2] 

-2]®Y*\ 
U[-2h-2]G 



U[ 
U[ 

K[ 
K[ 

U* 
U* 



2] 



2 
4 



-h- 
Y[- 



-2] 

■h-2] 



< deg HH° (A) < h 
< deg HH X (A) < h 
deg HH 2 (A) = -2 
deg HH 3 (A) = -2 
-h < deg HH A (A) < -4 
-h-2< deg HH b (A) < -4 
-2h < deg HH 6 (A) <-h-2 



5.3. Frobenius algebras and Nakayama automorphism. 

Definition 5.3.1. Let A be a finite dimensional unital C— algebra. We 
call it Frobenius if there is a linear function f : A — ► C, such that the 
form (x,y) := f(xy) is nondegenerate, or, equivalently, if there exists an 
isomorphism <j) : A ^ A* of left A— modules: given f , we can define 
4>(a)(b) = f(ba), and given <f>, we define f = <j)(l). 

Remark 5.3.2. If / is another linear function satisfying the same properties 
as / from above, then f(x) = f{xa) for some invertible a £ A. Indeed, we 
define the form {a, b} = f(ab). Then { — ,1} £ .A*, so there is an a G A, 
such that 4>{a) = { — , 1}. Then f{x) = {x, 1} = <j)(a){x) = f{xa). 

Definition 5.3.3. Given a Frobenius algebra A (with a function f inducing 
a bilinear form (— ,— ) from above), the automorphism r] : A — > A defined 
by the equation (x,y) = (y,7](x)) is called the Nakayama automorphism 
(corresponding to f). 
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Remark 5.3.4. We note that the freedom in choosing / implies that r/ is 
uniquely determined up to an inner automorphism. Indeed, let f{x) = f{xa) 
and define the bilinear form {a, b} = f(ab). Then 

{x,y} = f(xy) = f{xya) = (x,ya) = (ya,rj(x)) = f(yar]{x)a~ 1 a) 

= (y,arj(x)a~ 1 ). 

It is known that A is a Frobenius algebra (see e.g. [ES2j.[MOV]). 

The linear function / : A — > C is zero in the non-top degree part of A. It 
maps a top degree element € eiA tap e u ^ to 1. It is uniquely determined 
by the choice of one of these and a Nakayama automorphism. 

For each quiver, we define a Nakayama automorphism and make a choice 
of one u>i G eiA top e u ^y. 

5.3.1. Q = D n+ \, n odd. We define r\ by 

(5.3.5) r](ai) = -ai, 

(5.3.6) r?«) = a*, 
(5.3.7) 

and 



(5.3.8) 


u>\ — a\. . . o*„ 2 a*_ 1 a n _ia n _2 . . . a± 


5.3.2. Q = D n _ 


-i, n even. We define r/ by 


(5.3.9) 


\/i < n — 2 : r](ai) = —ai, 


(5.3.10) 


Vi<n-2: r](a*) = a*, 


(5.3.11) 


7?(a n _i) = -o n , 


(5.3.12) 


r?«-i) = o* n , 


(5.3.13) 


V( a n) = ~a n -i, 


(5.3.14) 




(5.3.15) 


u>i = a\ . . . a n „ 2 a*„ 1 a n _ia n _2 • • • «i 


5.3.3. Q = E 6 . 


We define r/ by 


(5.3.16) 


r?(ai) = -a 4 , 


(5.3.17) 


r)(al) = a* A , 


(5.3.18) 


T](a 2 ) = -a 3 , 


(5.3.19) 


7](a* 2 ) = a* 3 , 


(5.3.20) 


7](a 5 ) = -a 5 , 


(5.3.21) 


rj{a* 5 ) = a* 5 , 


and 




(5.3.22) 


^3 = a3 a 3(a2 a 203a 3 ) 2 . 
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5.3.4. Q = E 7 . We define 77 by 

(5.3.23) 7](ai) = -ai, 

(5.3.24) 7?(a*) = at 

and 

(5.3.25) UJ4 = (a^a^a^a^) 4 . 

5.3.5. Q = E$. We define 77 by 

(5.3.26) 77(04) = -etj, 

(5.3.27) 77«) = a*, 

and 

(5.3.28) W4 = (a^G^a^as) 7 

5.4. The Schofield resolution. We recall the Schofield resolution of A 
from [S]. 

Define the A— bimodule J\f obtained from A by twisting the right action 
by 77, i.e., M = A as a vector space, and Va, b £ A, x £ ftf : a - x - b = axi](b). 
Introduce the notation e a = 1 if a £ Q, e a = — 1 if a E Q* . Let xi be a 
homogeneous basis of A and x* the dual basis under the form attached to 
the Frobenius algebra A. Let V be the bimodule spanned by the edges of 
Q. 

We start with the following exact sequence: 

-> jV[/i] A P 2 % Pi ^ Po ^ A -+ 0, 
where P 2 = A ® R A[2], P\ = A ®r V <S>r A, Pq = A ® R A, 

do{x ®y) = xy, 
d\ (x (g> v (g) y) = xv ® y — x <£> uy, 

d 2 (z (8) t) = ^ e a za ® a* tg> t + ^ 

i(a) = a Xi® x*. 

Since 77 2 = 1, we can make a canonical identification A = M ®a -A/" (via 
x 1 — x ® 1) , so by tensoring the above exact sequence with jV, connecting 
with the original exact sequence and repeating this process, we get the 
Schofield resolution 

n da n ds „ d,4 n ds „ ^2 di n a!o . n 

. . . — > r§ —> f 5 —> _r 4 —> f-i —> f 2 —> f\ —> f —> A —> u, 

with 

p l+3 = (Pi® R Ar)[h}. 

We will work with the Hochschild cohomology complex obtained from this 
resolution, which is given explicitly in [EE21 Subsection 4.5.]. 
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6. Basis and Hilbert series 

We need to work with the Hilbert series and with an explicit basis of A. 
We do this for each type of quiver separately. 

We write B for a set of all basis elements of A, Bi — for a basis of eiA, B-j 
for a basis of Aej, Bij for a basis of eiAej and B{j(d) for a basis of 6iAej(d). 



6.1. Q = D n+ \. A basis of A is given by the following elements: 
For k, j < n — 1: 

{(ak^al^Yal ■ ■ ■ a*_ 2 <4-il° < I < k - 1}, 
{(a fc „i4„ 1 )'4 • • • a* n _ 2 a* n \0 < I < k - 1}, 



Bk,n 
Bk,n+1 

B<n. _ n. 



"n+l,n+l 
-Bn.+l,n 
-Sn,n+1 



{(a n a* n _ ian -ia* n ) l \0 < I < 
{a n a*_ 1 (a re _ia*a n a*_ 1 )'|0 < Z < 
{an-ian(anan_ia n -ian) Z |0 < I < 



n odd, , 
neven 

neven 



n odd, , 
neven 

^ n odd, , 
neven 



B 



n+l,j — 
For k < j < n — 1, 



{a n _ia n _ 2 • • • ^-(a^iaj^y |0 < Z < j - 1}, 
{a n a„_ 2 • • • a^aj-iajL!)' |0 < Z < j - 1}. 



J3jfcj = {(afc^i4_i)'afc---a*_ 1 |0<Z<min{fc-l,n-j-l}}U 
{{ak-ia*^) 1 a* k • • • o*_ 1 a n _ia n „ 2 aj|0 < Z < fc - 1} U 



{(ajfc-io^!) 4 ^ • • •a*a n a n _ 2 a j |0 <l<k-l + j -n}. 
For j < k < n — 1, 

Bkj = {ofc-i • • • aj(a*aj)'|0 < Z < min{ra — k — 1, j — 1}} U 

{<4 • • • an-2«n-l a n-ian.-2 • • ■ <ij(a*aj) l \0 < I < j - 1} U 
{a£ • • • a* n _ 2 a* n a n a n -i ■ ■ ■ aj(a*aj) l \0 < I < j — 1 + k — n}. 

6.2. Q = Eq. We give the columns of the Hilbert series H^t) which can be 
calculated from l2,4TTl 

/1 + t 6 \ 

t + t 5 + t 7 



\HA\t)i,l)l<i<G 



t 2 + t 4 + t b + 1* 
t 3 +t 5 + t 9 
t 4 + t 10 
\t 3 +t 7 
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Kt<6 



/ t + t 5 + t 7 

l + t 2 + t 4 + 2t 6 + t 8 
t + 2t 3 + 2i 5 + 2t 7 + t 9 

e + 2t 4 + 1 6 + 1 8 + 1 10 

t 3 + t 5 + i 9 

y t 2 + t 4 + t 6 + t 8 



(flA(t)i 



3jl<i<6 



/ 

/ t 2 + t 4 + t 6 + t 8 

t + 2i 3 + 2t 5 + 2t 7 + t 9 

l + 2t 2 + 3t 4 + 3t 6 + 2t 8 + i 10 

t + 2i 3 + 2t 5 + 2t 7 + t 9 

t 2 + t 4 + t 6 + t 8 

^ t + t 3 + 2i 5 + t 7 + t 9 



{HA{t)i,4jl<i<6 



( t 3 +t 5 + t 9 

e + 2t 4 + 1 6 + 1 8 + 1 10 

i + 2i 3 + 2t 5 + 2t 7 + t 9 
l + t 2 + t 4 + 2t 6 + t 8 
t + t 5 + t 7 
\t 2 + i 4 + t 6 + 1 8 



( t* + t 



10 



(-ffAWi,5)l<i<6 



t 3 + t 5 + t 9 

4 a + ^ + 1 6 + ^ 

i + t 5 + t 7 
1 + t 6 

f3 , + 7 



\ + v 



( t 3 + t 



7 



{HA{t)ifi)l<i<6 



t z + t 1 + t 6 + t 



t + f 3 + 2t° +t 7 + t 
t 2 + t 4 + t 6 + t S 

t 3 + t 7 



\l + t* + t b + t 



10 



/ 



6.3. Q = Ej. We give the columns of the Hilbert series matrix Ha(£) of A 
which can be calculated from l2,4TTl 



l)Ki<7 



( 1 + t 8 + t 



16 



\ 



t + t 7 + t 9 + t 15 

t 2 + t e + t 8 + t w + i 14 



t 3 + t 5 + 1 7 + t 9 + t u + t 13 
t* + t e + t 10 + 1 12 
t 5 + t u 

\ t* + t 8 + t 12 
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(-ffA(t)i,2)l<t<7 



/ t + t 7 + t 9 + t 
l+t 2 + t 6 



15 



+ (10 + (14 + (16 



+ 2t a 

+ 2t 7 + 2i 
t 2 + 2t 4 + 2t 6 + 2t 8 + 2t 10 + 2t 12 + i 14 



i + t 3 + t 5 



9 + t U + (13 + (15 



t 3 + 2t 5 + t 7 + t 



9 + 2t H + t 13 



(4 + t 6 + t 10 + (12 



+ t 5 + t 7 + t 9 



+ i U +t 13 



(^(t)i, 3 ) 



Ki<7 



(2 + (6 + (8 + (10 + (14 
t + t 3 + t 5 + 2t 7 + 2t 9 + t 11 + t 13 + t 15 

1 + t 2 + 2i 4 + 3t 6 + 3t 8 + 2i 10 + 2t 12 + t u + t 16 
l + 2t 2 + 3t 4 + 4t 6 + 4i 8 + 4t w + 3t 12 + 2t 14 + t 
t + 2t 3 + 2t 5 + 3t 7 + 3t 9 + 2t n + 2i 13 + t 15 

t 2 +t 4 +t 6 + 2t 8 +t 10 + t 12 + t 14 

y t + t 3 + 2t 5 + 2t 7 + 2t 9 + 2t u + t 13 + t 15 



\ 



J 



(H A {t)i A ) 



Ki<7 



( t 3 +t 5 +t 7 + t 9 + t U +t 13 

t 2 + 2t 4 + 2i 6 + 2t 8 + 2t 10 + 2t 12 + i 14 

t + 2t 3 + 3t 5 + 3t 7 + 3t 9 + 3t n + 2i 13 + t 15 

1 + 2t 2 + 3t 4 + 4t 6 + 4i 8 + 4i 10 + 3t 12 + 2i 14 + t 16 



t + 2t 3 + 2t 5 + 3t 7 + 3t 9 + 2t n 

e + + 1 6 + 2t s 



+ 2i 13 + t 15 



\ t + t 3 + 2t b + 2t 



+ t 10 + (12 + t 14 

+ 2i 9 + 2t n + t 13 + i 15 



(^A(t) 



i,5)Ki<7 



(4 + (6 + (10 + (12 

t 3 + 2t 5 + t 7 + t 9 + 2t n + t 13 
t 2 + 2t 4 + 2t 6 + 2t 8 + 2t 10 + 2t 12 + t u 
t + 2t 3 + 2t 5 + 3t 7 + 3t 9 + 2t u + 2t 13 + t 



15 



1 + i 2 + t 4 + 2t 6 + 2t 8 + 2t w 



+ (12 + (14 + (16 



t + t 5 + t 7 + t 9 



t 2 + t A + i 6 



2t l 



t u + t 15 

+ (10+ (12 + (14 



(^(t)i,. 



n<i<7 



/ 1 5 + 1 11 



(4 + (6 + (10 + (12 

t 3 + t 5 + t 7 + t 9 + t U + t 13 



10 



t 2 + r + t b + 2t 8 + 1 
t + t 5 + t 7 + t 9 + t n + t 15 

1 + t 6 + i 10 + t 16 

\ t 3 + t 7 + t 9 + 1 13 



t 12 + i 14 
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(H A (t)i 



7)l<i<7 



( t 4 + t S + t 12 

t 3 +t 5 + t 7 + t 9 + t U + t 13 

t 2 + t 4 + 2t 6 + t 8 + 2t 10 + t 12 + t 14 
t + t 3 + 2i 5 + 2i 7 + 2t 9 + 2t 41 + t 13 + t 15 

t 2 +t 4 + t 6 + 2t 8 + t 10 



t 12 + i 14 



t 3 + t 7 + t 9 + t 13 
\ l + t 4 +t 6 +t 8 + t 



10 + t 12 + t 16 
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6.4. Q = E%. We give the columns of the Hilbert series matrix H^it) of A 
which can be calculated from l2,4~Tl 



{HA\t)i,l)l<i<% — 

( l +t 10 + t 18 +t 28 \_ 

t + t 9 + t 11 + t 17 + t 19 + t 27 
(2 + (8 + t 10 + t 12 + i 16 + t 18 + t 20 + i 26 
(3 + f + (9 + 41 + t 13 + 45 + t 17 + (19 + t 21 + f 25 

t * + t G + t 8 + t 10 + t 12 + 2t u + i 16 + t 18 + t 20 + i 22 + t 2i 
t 5 + t 7 + t 11 + t 13 + t 15 + t 17 + t 21 + t 23 

(6 + 42 + 46 + t 22 
y (5+(9+(13 +t 15+49 +t 23 



+28 



(#AWi,2)l<i<8 — 

/ t + t 9 + t 11 + t 17 + t 19 + i 27 

1 + t 2 + t 8 + 2 (10 + 42 + 46 + 2(18 + t 20 + ^6 + f 

t + t 3 +t 7 + 2t 9 + 2t U + t 13 + t 15 + 2t 17 + 2t 19 + t 21 + t 25 + t 27 
(2 + (4 + t 6 + 2t 8 + 2t 10 + 2t 12 + 2t 14 + 2t 16 + ^18 + 2t 20 + t 22 + ^24 + ^26 

i 3 + 2t 5 + 2t 7 + 2t 9 + 2t u + 3t 13 + 3t 15 + 2t 17 + 2t 21 + 2t 23 + t 25 

(4 + 2t 6 + t 8 + (10 + 2t 12 + 2t 14 + 2t 16 + t 18 + fO + ^22 + t 24 
(5 + f + (11 + (13 + t 16 + 47 + t 21 + t 23 

(4 + (6 + t 8 + t 10 + t 12 + 2t 14 + t 16 + 48 + j20 + £22 + ^24 



3jl<t<8 



/ t z + t°+ t 10 + t rz + i iD + t 18 + t 

t + t 3 + t 7 + 2t 9 + 2t n + t 13 + t 15 

+2(17 + 2 (19 + t 21 + t 25 + ^27 



42 



f 16 



48 



20 



+ t 



26 



1 + t 2 + t 4 + t 6 + 2i 8 + 3i 10 



+ 2i 12 + 2t 14 



+2t 16 + 3t 



18 



+ 2 (20 + £22 + t 24 + ^26 + f8 



t + t a + 2t° + 2t 7 + 3t y + 3t L1 + 3t 1J + 3t 



11 



43 



45 



+ 2£ 21 + 2t 23 



+ 1 25 + 1 27 



+ 4t 12 + 4t 14 
+ 3 ( 20 + 3t 22 + 2t 24 + i 26 



+3t 17 + 3t 19 
t 2 + 2t 4 + 3t 6 + 3t 8 + 3t w 

+4t 16 + 3£ 18 
t 3 + 2t 5 + 2i 7 + 2t 9 + 2t 41 + 3t 13 + 3t 15 

+2(17 + 2(19 + 2(21 + 2^23 + t 25 
(4 + (6 + (8 + 40 + 42 + 2 44 
+(16 + 48 + ^20 + £22 + £24 

t 3 + t 5 + 2t 7 + t 9 + 2t n + 2£ 13 + 2t 15 
+2(17 + (19 + 2i 21 + t 23 + t 25 
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(H A (t) 



iA)Ki<8 



t 3 + t 7 + t 9 



t 2 +t i + t 6 + 2t 8 + 2t 10 + 2t 12 + 2t U 
+2i 16 + 2t 18 + 2t 20 + t 22 + f 24 + j26 

t + t 3 + 2t 5 + 2t 7 + 3t 9 + 3t n + 3i 13 + 3i 15 

+3t 17 + 3t 19 + 2t 21 + 2t 23 + t 25 + 4 

1 + t 2 + 2t 4 + 3t 6 + 3i 8 + At 10 + 4i 12 
+ 4 t i6 + 4t i8 + 3t 20 



27 



+ 4t 



ii 



+ 3t 22 + 2t 24 + i 26 



+ t 



28 



t + 2t 3 + 3t 5 + At 7 + 4£ 9 + 5t n + 5t 13 + 5t 

+5t 17 + At 19 + 4t 21 + 3i 23 + 2t 25 + t 27 
t 2 + 2t 4 + 2t 6 + 3t 8 + 3t w + 3t 12 + At 14 
+3i 16 + 3i 18 + 3i 20 + 2t 22 + 2t 24 + i 26 
+ t 5 + t 7 + 2t 9 + t n + 2t 13 + 2i 15 

+t 17 + 2t 19 + i21 + ^23 +t 25 

t 2 + t 4 + 2i 6 + 2t 8 + 2t 10 + 3t 12 + 2t 14 

+3 il6 + 2t 18 + 2t 20 + 2t 22 + t 24 + ^26 



,15 



t 



(HA\t)i,5)l<i<8 



/-ll 



/ t 4 + t b + t s + t w + i 1 ^ + 2t 

+t ^ + t 18 +t 20 + t 22 +t 24 

t 3 + 2i 5 + 2i 7 + 2t 9 + 2t u + 3t 13 + 3t 15 
+2^17 + 2t 19 + 2t 21 + 2t 23 + t 25 

t 2 + 2t 4 + 3i 6 + 3t 8 + 3t 10 + 4t 12 + 4t 14 
+4t 16 + 3t 18 + 3t 20 + 3t 22 + 2t24 + t 



2(i 



t + 2t 3 + 3t 5 + At 7 + At 9 + 5t u + 5t 13 + 5< 

+ 5^17 + 4t 19 + 4t 21 + 3t 23 + 2t 25 + f 27 

1 + 2i 2 + 3i 4 + At 6 + 5t 8 + 6t 10 
+6t 16 + 6i 18 



15 



+ 6i 12 + 6i 14 



+ 5t 20 + At 22 + 3t 24 + 2t 26 



+ t 



28 



t + 2t 3 + 2t 5 + 3t 7 + At 9 + At 11 + 4£ 13 + At 15 

+At 17 + 4t 19 + 3t 21 + 2t 23 + 2t 25 + t 27 
t 2 + t 4 + t 6 + 2 ^8 + 2t io + 2412 + 2414 

+2^16 + 2418 + 2t 20 + t 22 + t 24 + t 26 
t + t 3 + 2t 5 + 2t 7 + 3t 9 + 3t 41 + 3t 13 + 3t 15 

+3417 + 34I9 + 2421 + 2 423 + t 25 + t 27 
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6)l<i<8 



r 



+ t 7 + t ll +t 13 +t 15 



+ * 17 + * 21 



+ t 



23 



2* 14 

x24 



t 4 + 2t 6 +t 8 +t 10 + 2t 12 4 
+ 2 t 16 + * 18 + * 20 + 2t 22 + t< 

* 3 + 2* 5 + 2* 7 + 2* 9 + 2* 11 + 3* 13 4 

+ 2 ^7 + 2t 19 + 2^1 + 2t 23 + t 25 

+ 2* 4 + 2t 6 + 3* 8 + 3* 10 + 3* 12 ^ 



15 



t 



31 



At 14 + 3* 16 



+3* 18 + 3t 20 + 2t 22 + 2t 24 + * 



20i 



* + 2t 3 + 2* 5 + 3* 7 + 4* 9 + At 11 + 4* 13 

+4* 15 + 4* 17 + At 19 + 3t 21 + 2* 23 + 2* 25 + t 27 
1 + * 2 + * 4 + 2* 6 + 2t 8 + 3* 10 + 3t 12 + 2* 14 
+3* 16 + 2t 18 

* + * 5 + * 7 + * 9 + 2* 11 + * 13 

+*15 + 2t 17 + t 19 + t 21 + f 23 + t 27 



+ 2t 20 + 2t 22 + t 24 + t 26 + * 28 



t 2 + t 4 + t 6 + 2t 8 + 2i 10 



+ 2* 12 + 2* 14 



2d 



(H A (t) 



i,7jl<K8 



/ t 6 + t 12 + t 16 + t 22 

t 5 + t 7 + t ll + t 13 + t 15 + t 17 + t 21 + ^23 

t 4 + t V+t 8 + t 10 + * 12 + 2* 14 
+t 16 + *18 + t 20 + t 22 + ^24 

* 3 + * 5 + t 7 + 2t 9 + t n + 2* 13 + 2t 15 

+ *17 + 2t 19 + t 21 + t 23 + t 25 
£2 + *4 + t 6 + 2^8 + 2*10 + 2t 12 + 2t 14 



+2t 16 + 2*18 + 2 * 20 + * 22 + * 24 + * 26 



* + *° + t 7 + * y + 2* 11 + * ld + * 



ii 



,13 



,15 



.19 



f21 



+2*17 + *19 + t 2l + t 23 + t 27 
1 + *6 + t 10 + t 12 + t 16 + t 18 + t 22 + t 

t Z + t 7 + t 9 + t 11 + * 13 + * 15 
+ *17 + jl9 + f 2l + t 25 
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* 4 



8M<i<8 



V 



+ t 9 + t 13 + t 16 + t 19 + f 23 
+ t 6 + t s + * 10 + t 12 + 2* 14 
+ * 18 



+ t 10 + t 12 + 2t 14 
+t - + * 18 + * 20 + * 22 + * 24 

+ * 5 + 2t 7 + * 9 + 2t n + 2* 13 + 2* 15 

+2 tl7 + t 19 + 2t 21 +t 23 + ^5 

t 2 + * 4 + 2* 6 + 2* 8 + 2t 10 + 3t 12 + 2* 14 

+3t 16 + 2t lS + 2t 20 + 2t 22 + t 24 + t 26 

f + * 3 + 2* 5 + 2t 7 + 3t 9 + 3* 11 + 3* 13 + 3* 15 

+3t 17 + 3t 19 + 2t 21 + 2t 23 + t 25 + t 27 

*2 + * 4 + * 6 + 2* 8 + 2t 10 + 2* 12 + 2* 14 

+2^6 + 2*18 + 2*20 + t 22 + t 24 + ^26 



h * 6 + 2* 8 + 2t w + 2t 12 + 2* 1 

+2*16 + 2 *18 + 2*20 + t 22 + t 24 + , 

t 3 + f + t 9 + t n +t 13 +t 15 
+ *17 + t 19 + t 21 + t 25 

1 + *4 + t 6 + t 8 + 2*10 + t 12 + 2*14 

+*16 + 2*18 + *20 + f 22 + t 24 + t 28 



/ 



7. HH°(A) = Z 

From the Hilbert series 13.0.71 we see that we have one (unique up to a 
constant factor) central element of degree 2mj — 2 for each exponent rrii < \ . 
We will denote a degi(< h — 2) central element by Zi- 

From [232] and from the Hilbert series we can also see that the top degree 
(= deg/i — 2) center is spanned by one element Ui in each eiAei, such that 
= i. 

The Ui £ L[h — 2] are already given in section 15.31 an d we will find the 
Zi € U[— 2] for each Dynkin quiver separately. 

7.1. Q = D n+ \. We define the nonzero elements 

h,o = 

= a i ■ ■ ■ a i+j—i a i+j-i ■ ■ - CLi (where 1 < j < min{i — 1, n — 1 — i}), 

C i,j = a i ■ ■ ■ a n-2( a n-2d'n-2) a n-2 • • • «i ( where 1 < i < U — 2, 1 < j < % — 1 

Cn-tj = (a n _ 2 a*_ 2 ) J , 1 < j < n - 2 

c ■ = a* . . . a*_ 2 a*_ 1 a n _i(a n _ 2 a*_ 2 ) l ~ 1 an-2 • • • a 2 , 1 < i < n — 1 
do = e n , 

Tl 

dj = (a 7l _ia*a n a*_ 1 ) J for 1 < j < -, 

<^0 = e n+l 5 

4 = (anCi^-i^y for i < j < 2 

and extend this notation for any other j, where bij, Cij, dj and d'- are zero. 
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The exponents m, are 1, 3, . . . , 2re — 1, re and h = 2n. From 13.0.71 we get 
the Hilbert series of Z, depending on the parity of re, since r+ = re + 1 for re 
odd and r + = n — 1 for re even: 

n odd: h z (t) = l+t 4 + t 8 + ...+ t 2n ~ G + (re + l)t 2n ~ 2 , 
re even: h z (t) = 1 + i 4 + t 8 . . . + t 2 ™" 4 + (re - l)t 2n ~ 2 . 
The central elements of degree 4j < 2n — 2 are 

n-l-2j 2j-l 

z Aj = ^2 bi,2j + ^ Cn-l-i,2j-i + dj + dj 
i=2j+l i=0 

since the relations 

&2i+l,2j'02j = 0, 

aj»;,2j = bi+i : 2jcii for 2j + 1 < i < n — 1 - 2j, 

an-l-2jb n -l-2j,2j = C„_2j,lO n _i_2j , 

an-l-iCn-l-i,2j'-l-i = C n -j,2j-iO n -l-i for < i < 2j — 1 
0"n-lCn-l,2j = djO, n -i, d n Cn-l,2j = cijan 

hold. 

The top degree central elements are uji = c[ (1 < i < n — 1), and addi- 
tionally w„ = dn-i , — Wn+i = d'n-i if n is odd. 

We have the multiplication laws bi^jh^k = bi^j+k)^ 
djd k = d j+k , d'jd^ = d' j+k and Ci^c i)k = Cij +k+n -i-i which implies that 

c n-l-i,2j-l-iCn-l-i,2k-l-i = c n~l-i,2j~l+2k~l+n~(n~l-i)~l = c n-l-i,2(j+k)-i> 

so for j + k < we get the following product: 

z 4j z 4k = z 4(j+k)- 

If n is odd and j + k = , the multiplication becomes 

ZijZ^k = d n-i + d K -l = Wn — 
2 — 

7.2. Q = Eq. The Coxeter number is h = 12, and the exponents rrii < § = 6 
are 1, 4, 5, r+ = 2. For the center, we get the following Hilbert series (from 
Corollary EMI): 

h z (t) = l + t 6 + t 8 + 2t w . 

From the degrees, we see that the product of any two positive degree 
central elements is always 0. The central elements are zq = 1, z$, z$, uj^ and 

UJQ. 

We use the notation Xi = a* 04 and give the central elements zq and z% 
explicitly: 

Proposition 7.2.1. A central element o/deg6 is given by 

ze = 0102^302^ — 02x^2 — X5X3X5 + 0,3X2(13 — 0403X20304 
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Proof. Observe that Zg = zq, so it is enough to show that z% commutes with 
all a%. Since T){z§) = zq, we have only to show that zq commutes with a\, 
a 2 , o 5 : 

a iz& = —aia 2 x\a\ = —0102X5X202 = 0102X3020*01 = z^ai, 
a 2 z 6 = -02X5X3X5 = -02x3x2x5 = -02X3X3X2 = z e a 2 , 
05^6 = 05X5x3X5 = = z 6 a 5 . 

□ 

Proposition 7.2.2. The deg8 central element of A is given by 

Z 8 = -02X5X3X503 - X 5 X§X 5 - 03X5X2X503. 

Proof. Since z§ = z$ and rj(zs) = z$, it is enough to show that z$ commutes 
with ai, 02 and 05: 

oi^s = —01^2X5X3X502 = —0102X5X2X302 = —0102X2X3X302 = = OiZs, 
a 2 z 8 = -a 2 x 5 x|x5 = -02X5X2X3X2 = -02X5X3X5X2 = z 8 a 2 , 
05^8 = 05X5X3X5X3 = = z 8 a 5 . 

□ 

7.3. Q = Ej. The Coxeter number is h = 18, the exponents mi < | = 9 are 
1, 5, 7, r + = 7, and the Hilbert series of the center is (see Corollary 13.0.70 : 

h z (t) = 1 + t 8 + t 12 + 7t 16 

The center is spanned by zq = 1, z%, Z12, ui, . . . ,uj. The only interesting 
product to compute is z\ which lies in the top degree. 
We give z% and z\ 2 explicitly: 

Proposition 7.3.1. The deg8 central element of A is given by 

Zg = —010203X5030201 — 0203X40302 — 03X6X4X603 — X4x|x4 
— 04X4X6X404 + 06X4X6X405. 

Proof. It is clear that z% = z%, so it is enough to prove that z% commutes 
with every af. 

a±zg = —010203X40302 = —010203X6X30302 = —010203X60302X1 = zga\, 

a 2 z% = -0203X6X4X603 = -0203X4X3X603 = -0203X4X303 = —0203X403X2 = z$a2, 

03Z8 = —03X4x^x4 = —03X6X4X3X4 = —03X6X4X6X3 = Z8O3, 

2 2 
04^8 = —04X4X3X4 = —04X4X6X4 = Z8O4 

05^8 = —0504X4X6X404 = = 2:305 
2 3 

06^8 = —06X4X3X4 = — 06X 3 X6 = 06X4X6X4X6 = Z%a§. 

□ 
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Proposition 7.3.2. The deg 12 central element of A is 

Z\i = —03X4X6X4X6X403 — X4X6X4X6X4 + 04X6X4X6X4X604 + 06X4X6X4X6X406- 

Proof. z* 2 = -212 is clear, so we have only to show that 212 commutes with 
all a,-: 



a±z 12 = U = z 12 ai, 

02-212 = — 0203X4X6X4X6X403 = 0203X4X6x|x603 = 0203X4X6X4X503 

= a2a 3 x|x|x 6 a3 = = zi2a 2 , 

03212 = -03X4X6X4X6X4 = 03X4X6X3X6X3 = -a 3 (^4^6) 2 ^42;3 = ^1203, 
O4Z12 = —04X4X6X4X6X4 = 04X^X4X3X6X4 = 04(X6X4) 2 X6 = 212O4, 

O5Z12 = 0504X6X4X6X4X604 = —0504X6X3X604 = 0504X3X604 = = Z12O5, 

2 2 
06-212 = —06X4X6X4X6X4 = 06X4X6X3X6X3 = —06X4X6X4X6X4X3 = 

= a 6 (x 4 x 6 ) 3 + a 6 (x 4 X6) 2 x| = zi 2 a 6 + a 6 x|x4 = Zi2a 6 . 

□ 

Now we calculate the product z$: 
Proposition 7.3.3. 

Z% = CJl + L0 3 - UJ 7 . 

Proof. We get 

Zg = (a^azX^^aX) 2 + {a2a 3 x\a* 3 a* 2 ) 2 + (a 3 X6X4X603) 2 + (x4x|x4) 2 
+ (04X4X6X404) 2 + (a6X4X6X406) 2 

= 010203X6X^X603020^+ a203x|x|x 2 a3a2 +03X6X4X6X3X6X4X603 

V „ ' V v ' V „ ' 

+ X 4 x|x4x|x4 + 04X4X6X4X6X404 + 06(X4X6) 3 X406 
=0 =0 =-u r 

□ 

7.4. Q = Eg. The Coxeter number h = 30, and the exponents m; < § = 15 
are 1,7,11,13, r + = 8. For the center, we get the following Hilbert series 
(from Corollary 13. 0.7p : 

^(t) = l+i 12 + t 20 +t 24 + 8t 28 . 

The center is spanned by zq = 1, z±2, Z20, Z 2A, to\, . . . The only 

interesting product is z\ 2 . 

Proposition 7.4.1. The deg 12 central element of A is 

Z\1 = 010203X6X4X603020^ + 0203X4X^X40302 + 03(X4X6) 2 X403 

+ (X3X4X3) 2 — 04(X6X4) 2 X604 + 0504X6X4X50405 — 06 (x4Xe) 2 X406 . 
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Proof. z* 2 = £12) so we only have to show that z\i commutes with all Oj: 

a QZ\2 = O0 a l°2a33 ; 6 a; 4 a; 6 a 3 a 2 a l = O0 a l a 2«3£6£3 ;;c 4 a 3 a 2 a l 
= 00010203X3X4030201 = = Zi 2 Oo, 

aizi2 = 010203X4x^x40302 = 010203X6X4X6X30302 

= 010203X6X4X60302X1 = 012O1, 
a 2 Zi2 = 0203(x4X6) 2 X4a3 = —0203X4X^X6X303 = 0203X4X^X403X2 = 212^2, 
03^12 = a 3 (x 3 X 4 X3) 2 = -03X3X6X3X4X3 = 03X4X6X4X6X4X3 = Zi20 3 , 
a 4 Zi2 = 04(x 3 X4X 3 ) 2 = -0 4 (X6X 4 ) 3 = Zl20 4 , 
&5^12 = — 0504(X6X4) 2 X604 = 0504X^X604 = —0504X3X404 

= 0504X6X4X604X5 = zi 2 a 5 , 
a 6 zi2 = a 6 (x 3 X4X3) 2 = -a 6 (x6X 4 ) 2 X6 = zi 2 a 6 . 

□ 

Proposition 7.4.2. The central element o/deg20 is 

z 2 o = -aia203X 2 x|x|a3a2ai - 02a 3 (x6X4) 2 (x4X6) 2 a3a2 + a 3 (x6X4) 4 X603 

- (x 4 x 6 ) 5 + (x 6 x 2 ) 3 x 6 - (x 6 x 4 ) 5 

— 04(X4X6X4) 3 04 — 06 (x4Xe) 4 X40g . 

Proof. z\q = Z20, so it is sufficient to show that Z20 commutes with all af 

o>o z 20 = — ooaia2a3X 2 x|x 2 0302ai = 00010203X4X6X4X6X4030201 

= —00010203X4X6X4X6X4X6030201 = — Ooaia203x|x|x603a2a^ 

= -00010203X6x1x6030201 = = 220^0, 
a l z 20 = — ai0203(x6X4) 2 (x4X6) 2 03a2 = — 010203X4X3X5X4 (X4X6) 2 0302 
= —010203X4X1X4X3X60302 = —010203X1X3X4X30302 
= -Oia 2 a3X 2 x|x40302Xi = Z20CII, 

a 2 Z20 = a2a 3 (x 6 x 4: ) 4: XQal = 0203X6X4X6X3X6X3X503 

3 2 * 1 \i 2 * 

= —0203X6X4X6X3X4X303 = 0203^X6X4) X4X6X 4 X30 3 
= -02a3(x6X 4 ) 2 (x 4 X6) 2 a3X2 = ^20^2- 

From 

03(X6X|) 3 X6 = 03X4X3(X4X6) 2 = 03X4X6X4X6x|x4x|x6 = 03(x4Xe) 5 

follows 

CL3Z2O = a 3 (-(x 4 X 6 ) 5 + (x 6 X 2 ) 3 X 6 - (X 6 X 4 ) 5 ) = 3 (X6X 4 ) 4 X6X3 = Z 2 0O3- 
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To show that Z20 commutes with 04, we use the following rules: 

2 2 
= —04X6X4X6X4X6 — 04X6X4X6X4X6 

= — 04(X4X6X4) 2 — ai{x^XQ) 2 x\ = 04(x6X4) 2 + 04(x6X4) 2 , 

so 

04(X4X6) 5 = — 04X6X4X6(X4X6) 3 — 04(x6X4X6X4) 2 (X4X6) 3 
= 04X6X4(X4X6X4) 2 X4X6 + 04X5X4 (x4Xe) 2 x|x6 

- a 4 (x 6 x 4 ) 2 (x6X4) 2 - a 4 (x 6 x 4 ) 5 , 

O4-Z20 = -a 4 (x4X 6 ) 5 + a 4 (x6X 2 ) 3 X6 - a 4 (x 6 X4) 5 = 04(X6X 4 ) 2 (X 6 X4) 2 
= 04X6x|x|x6X 2 = 04(X4X6X4) 3 X4 = ^20^4; 

05^20 = -a 5 a4(x4X6X4) 3 a4 = = z 2 oa 5 , 

06^20 = -clq(x4Xq) 5 + a 6 (x 6 x 2 ) 3 X6 - a 6 (x6X 4 ) 5 = -a 6 (x 4 x 6 ) 5 = Z20O6- 

□ 

In cleg 24 there is exactly one central element (up to constant multiple). 
Since we already have a deg 12 central element, the most obvious candidate 
is its square. In fact, this is true from the following 

Proposition 7.4.3. The deg 24 central element of A is 
Proof. A simple calculation shows that z\ 2 is nonzero: 

□ 

8. HH 1 (A) 

Recall Theorem 13.0.61 where we know that HH 1 (A) is isomorphic to the 
non-topdegree part of HH°(A). In fact, HH 1 (A) is generated by the central 
elements in the following way: 

Proposition 8.0.4. HH l (A) is spanned by maps 

9 k : (A ® V ® A) — > A, 

k (l <g) a,i <g) 1) = 0, 
e k (l(g>a* ® 1) = a*z k . 

Proof. These maps clearly lie in ker d 2 : Recall 

A(g>A A®V ® A 

x®y 1 — ► e axa <g) a* ®y + Yl e aX <8> a (g> a*y, 



2(, 
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then 

d* 2 o k (l ® 1) = 6 k (Y^ £ a a ® a* <g) 1 + ^ e a l ® a <g> a*) 

= X] aiCL i Z k ~ ^2 a i aiZ k = ^2i a ii a V\ z k = 0- 

iei iei iei 

We will later see in section [11] that HH 4 (A) is generated by Ck where 
( k (6 k ) = 1 under the duality HH 4 (A) = (HH^A))* established in [EE2] . 
so 6 k is nonzero in HH l (A). □ 

9. HH 2 (A) 

We know from EES that HH 2 (A) = K[-2] lies in de gree —2, i.e. in the 
lowest degree of A^f— 2] (using the identifications in [EE21 Section 4.5.]), that 
is in R[— 2]. Since the image of d\ lies in degree > — 2, HH 2 (A) = kertig. 

Proposition 9.0.5. HH 2 (A) is given by the kernel of the matrix Ha{1), 
where we identify C 1 = R = ©j g /i2ej. 

Proof. Recall 

d-3( x ) = x i xx i = ^2 XT x i xx i- 

Xi&B j,kel XidBj k 

For each X{ G e k Aej, we see that Xje/x* = 5jiw k . 
It follows that for x = ^ \ei the map is given by 



iei 



iei 



where the vectors A = (Aj)j e / £ C 1 and /i = G C 7 satisfy the equation 



(9.0.6) H A (1)\ = [i. 

So the kernel of d\ is given by the kernel of H A (i)- 

Now, we find the elements in HH 2 (A) for the quivers separately. 
9.1. Q = D n+ i, n even. 

2 



2 4 4 4 
2 4 6 6 
2 4 6 8 



(9.1.1) H A (1) 



2 4 6 8 
12 3 4 



4 
6 



1 

2 
3 
4 



1 \ 

2 

3 
4 



2(n- 1) 
n — 1 



n — 1 n — 1 



□ 
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with kernel (e n — e n+ \). So a basis of HH 2 (A) is given by 

{fn = [e n - e n+ i]}. 

9.2. Q = E Q . 

3 4 3 2 2 \ 
6 8 6 3 4 
8 12 8 4 6 
6 8 6 3 4 

3 4 3 2 2 

4 6 4 2 4 / 

with kernel (e\ — es,e 2 — e^). So a basis of HH 2 (A) is given by 
{fi = [ei - e 5 ], / 2 = [e 2 - e 4 ]}. 

10. HH 3 (A) 

We know that HH 3 (A) lives in degree —2. Using the notations and 
identifications in |EE2l Section 4.5.], we see that the kernel of d\ has to be 
the top degree part of Af R [—h] (since Imd^ lives in degree —2), so 

HH 3 (A) = M R [-h](-2)/Imd* 3 . 

Proposition 10.0.2. HH 3 (A) is given by the cokernel of the matrix H , 
where we identify C 1 = A top = ® i(Ll eiA top e v (i) . 

Proof. This follows immediately from the discussion in the previous section 
because d% is given by Ha(1)- □ 

Note that HH 3 (A) = (HH 2 (A))* under the duality in [EE2] . We choose 
a basis hi of HH 3 (A), so that hi(fj) = Sij 

10.1. Q = D n+ i, n even. Prom Ha(1) in 19.1.11 we see that: 

G?3(2ei-e 2 ) = 2o;i, 

c?3 ( — d-i + 2ei — ej + i) = 2u>i V2 < z < n — 2, 

^3((~ n ~ l)e n -2 + 2(n - l)e n _i - 2(n - l)e n ) = (n-l)w n _i, 

^3(2e„ — e n _i) = u n + uj n+ i, 

so 

HH 3 (A) = (A^) top [-/i]/( Wl = = . . . = Wn _i = 0, uj n + w n+1 = 0) 
with basis 

{/i n = [u n ]} 



(9.2.1) 
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10.2. Q = E 6 . From H A {1) in l9XT1 we see that: 



so 



HH 3 (A) 
with basis 



4( 2 ei " e 2 ) 




d*3(~ei + 2e 2 - e 3 ) 


= U>2 + W4, 


d*(-2e 2 + 2e 3 -e 6 ) 


= 2o; 3 , 


^(-e 3 + 2e 6 ) 


= 2u 6 , 


(Af R ) top [-h]/(u 3 =u 6 


= Wi + U>5 = 



UJ 2 +UJ3 = 0) 



{/tl = [uji], h 2 = [oj 2 ]}- 



11. HH 4 (A) 

We have HH 4 (A) = U*[—2], so its top degree is —4, and its generators 
sit in degrees —4 — degz^ for each central element, one in each degree. 

Proposition 11.0.1. Let Co £ kercfij be a top degree element in 

(V<S>N) [— h — 2], such that m(Co) is nonzero, where m is the multiplication 

map. Then HH 4 (A) is generated by elements Cfc £ kercB; which satisfy 

(kZk = Co- 

Proof. If x S Af R [— h]) lies in degree —4, then m(d%(x)) = 0, so Co is nonzero 
in HH 4 (A). 

For every non-topdegree central element z k we can find a Cfc satisfying the 
properties above, which is done for each quiver separately below. 

For any central element z G A, we have that d\{zy) = d\{y)z. If Cfc = 
d\{y), then by construction Co = Cfc^fc = dl(zky) which is a contradiction. 

So these Cfc are all nonzero in HH 4 (A), and also generate this cohomology 
space. 

□ 

A basis of HH 4 (A) is given by these Cfci an d we choose them so that 
Q k (9 k ) = 1 under the duality HH 4 (A) = (HH^A))* in [EE2] , 

11.1. Q = D n +i, n odd. We define 

n— 3 n— 3 

Co =K-i ® an-i<an.(a*_ia„,_ia*a n ,)~+ o n _i <g) a^a^^a^-ia*^*^)^], 

1 n-3 n-3 

C4fc =n t a n-i ® an-ia*a n (a*_ 1 a n _ia*a n )^ k + a„_i igi a* anO^^On-ia* a n a* n _i)~ k - 
a* (8) a ri a*_ 1 a n _i(a*a n a*_ 1 a n _i)^ k - a n ® a* n _ x a n ^ia* n (a n a*_ 1 a n _ia*) 21 2 *]. 
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11.2. Q = D n+ \, n even. We define 

Co =[a* n -i ® a n -.i(a* n a n a* n _ l a n -i)~ +a„_i ® a* (a 

j- r * \ n ~ - — fc * / * * \ 71 ^ — 

C4fc =^ K-l ® an-l(a n a n a n-l a n-l) 2 +«n-l ® an( a raO n _ia n _iaJ 2 

a* ® a n (a*_ 1 a n _ia*a n )~2 k - a „ (8) a^^On-io* anfln-i) -5- ' 

11.3. Q = E 6 . We define 

Co = ® a- i {a* 2 a2a% i a^) 2 + ® a*2{a2a% > a^a* 2 ) 2 }-, 

C6 = ^ [-03 ® 030^2 - 03 ® 02 a 2 a 2 + a 2 ® a 2 a 2 a 2 + a 2 ® 0^203 

— 02 ® 020303 — 02 ® 030303 + 03 ® 030303 + 03 ® 030303], 
Cs = 2 1°3 ® «3 + 03 ^ 02 - 02 (8> a 2 - a 2 (8> 03] . 

11.4. Q = E 7 . We define 

Co = [04 ® 04a3a3(a4a403a3) 3 + 04 ® 030304 (04 a^asa^) 3 ], 

C8 = -[°4 ® a 4 a 3 a 3 a 4 a4a 3 a 3 + ° 4 ® a 3 a 3 a 4 a 4 a 3 a 3 a 4 
—03 ® 03040403030404 — 03 ® 04040303040403], 

Cl2 = -[°4 ® a 4 a 3 a 3 + a 4 ® a 3 a 3 a 4 — a 3 ® a 3 a 4 a 4 — O3 ® 040403]. 

11.5. Q = E 8 . We define 

Co = [04 ® 04a3a3(a4a403a3) 6 + a 4 ® 030304 ^OgOsa^) 6 ], 

C12 = ^[04 ® 040303 (a^agas) 3 + a 4 ® a* 3 a 3 al(a4ala 3 al) 3 

—03 ® 030404 (030304 a,*) 3 — 03 ® 040403(a304a4a3) 3 ], 
C20 = -[°4 ® a 4 a 3 a 3 a 4 a 40303 + a 4 ® 03030404030304 

—03 ® 03040403030404 — 03 ® 04040303040403], 
C24 = r t°4 ® a 4 a 303 + 04 ® 030304 - 03 ® 030404 - 03 ® 040403]. 

12. HH 5 (A) 

We have HH 5 (A) = U*[-2]®Y*[-h-2]. We discuss these two subspaces 
separately. 

12.1. U*[— 2]. In U*[— 2], like in HH 4 (A), we have generators coming from 
the center in some dual sense. 
We have d* 6 (U*[-2\) = 0. 

Proposition 12.1.1. Let ipQ be a top degree element [uij\ in some 
eiN R ei[—h — 2]. Then HH 5 (A) is generated by if)k £ N R which satisfy 
ipkZk = ipo- 
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Proof. If Yl a <g) x a G V (8> AA fi lies in degree —4, then the image of d\(x) = 
^ ax a — x a rj(a), under the linear map / (which is associated to A as a 

a 

Frobenius algebra) is zero where f{uji) = 1. So ipo is nonzero in HH 5 (A). 

For every non-topdegree central element zt we can find a C,t satisfying 
the properties above, which is done for each quiver separately in subsection 

MM 

For any central element z € A, we have that d^(zy) = d% ) {y)z. If ip^ = 
d$(y), then by construction ipo = tpk^k = d%{z^y) which is a contradiction. 
So these ipk are nonzero in HH 5 (A) and generate this cohomology space. 

□ 

The relation ax a = x a r](a) then gives us that all u>^s are equivalent in 
HH 5 (A). 

12.2. Y*[—h — 2]. We have to introduce some new notations. 

Definition 12.2.1. We define F to be the set of vertices in I which are 
fixed by v{i), i.e. 

F = {ie I\v{i) = i}. 

Definition 12.2.2. Let rjij be the restriction of r\ on eiAej (i,j E F). Let 
nf- = dim ker(?/j :) ' — 1) and n~- = dimker^jj + 1). 

We define the signed truncated dimension matrix {H^ij^p in the fol- 
lowing way: 

( H Ah = n tj ~ n ij- 
Now we can make the following statement: 

Proposition 12.2.3. Y*[—h — 2] is given by the kernel of the matrix H\, 
where we identify C F = (Bi^FR^i- 

Proof. Y*[-h-2] is the kernel of the restriction dg| JV -ii[_ ft _ 2 ](_ ft _2)=fl F [-ft-2] ~> 
A [— 2h], where Rf is the linear span of e^'s, such that i is fixed by v, 

40) = x i xr l(x*j) = Y v(xj)xx*. 

then 

d* 6 : R F [-h - 2} -» (A to P) R [-2h] 
can also be written as a matrix multiplication 

H\ : C F C F 

under the identifications Rf = C F = @ eiA top ei. □ 

We compute the matrices Lf\ and their kernels for each quiver separately. 
Recall that dimF = r + — r_ — #{mj|mj = §} = dim R F — #{mj|mj = |}. 
We will find Y* explicitely for each quiver. 
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12.2.1. Q = Eg, Eg. | is not an exponent, so Y* = Rp. 

12.2.2. Q = D n+ \, n odd. All basis elements of e^Acj given in section [6] are 
eigenvectors of rj^j. 

For any of these basis elements x, n(x) = (— l) rix x where n x is the number 
of no-star letters in the monomial expression of x. So H A can be computed 
directly. 

For k < j < n — 1 : 



E(-iy+(-i) n " j 

1=0 1=0 

e + (-ir- j E(-iy 

k—l+j—n 
+ £ (-1)' 

2=0 

2 Zc, Z odd 
eZse 



Zc < n — j 
k > n — j 



For j < k < n — 1 : 



(-l^EC-iy + C-i^EC-i)' 

2=0 2=0 
ra— fc— 1 i— 1 

E (_iy + ( _i r ^ E( _iy 

2=0 2=0 
2=0 

2 Zc, Z ocZcZ 
else 



j < n — k 
j > n — k 



For k, j < n — 1: 



fc-i 



2=0 

71-1 

ra»,n = E(-i) 2 

(=0 

n-3 

E(-i) 1 



1 k odd 

k even 



n + l 



1=0 



-21 



(-l)-i £(-!)' = { J 
2=0 L 



n — 1 



TO 



1 I odd 

I even 



It is clear that {H A ) Kn+l = (H%) k>n , {H A ) n+ i >n+1 = (H'1) n ,n, 

{H\) n ,n+l = (H A ) n+ i >n , (H A ) n+1 j = (H A ) n j. 
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So the matrix H V A is 



/ 2 


•• 


• 2 





1 


1 





•• 


• 











2 


•• 


• 2 





1 


1 





•• 


• 











1 


•• 


• 1 





n+1 
2 , 


n-l 
2 


V i 


•• 


• 1 





n+1 

9 


n+1 

9 



and the kernel is given by 

ft — 1 

{e2k-i ~ ei, e 2 fc, (e„ + e n +i) - ei|fc < — — ). 



12.2.3. Q = D n+ \, n even. Since F = {1, . . . ,n — 1}, we work only with 
e^Aej for j,k < n — 1, and we have to work with a modified basis, so that 
they are all eigenvectors of r\: 
For k < j < n — 1, 



= {( a fc-i a fc-i) ?a fc 
{(ajk-iajE-^'ofc 

{(ofc-lOjfe-lJ'ofc 

For j < k < n — 1, 



4-l|0 < Z < min{fc -l,n- j - 1}}U 
(a^^n-i - a*t%)a n _2ay|0 < / < - 1} U 
(a^an-i + a*a n )a n _ 2 %|0 <Z<fc-l + j-n} 



#fc,j = W-i • • • aj(a*aj)'|0 < / < min{?i - k - l,j - 1}} U 

{Ofc • • • a n -2( a n-l a n-l - «„a n )an-2 • ' ' CLj (djCLj) 1 < Z < j - 1} U 

{a% ■ ■ ■ o*„ 2 (a*_ 1 a n _i + a*a„)a n _ 2 • • • aj{a*aj) l \0 < I < j - 1 + k 



For k < j < n — 1 



n E _1 (-i)' + (-l)^'- 1 

z=o Z=0 

fc— n 

+(-l)«-J E 
1=0 

2 A;, Z odd 
else 



k < n — j 
k > n — j 



The product in the Hochschild cohomology ring of prcprojcctive algebras of Dynkin quivers 33 



For j < k < n — 1 : 
( 



1=0 



I) 



(-i^EC-i)' 

re— k— 1 j— 1 

£ + (_l)n-j-l E 

(=0 Z=0 

+ £ (-1)' 

Z=0 

2 fc, / odd 
else 



j < n — k 



j > n — k 



So the matrix H\ is 



/ 2 




n A 



2 

2 



2 2 \ 




and we get immediately its kernel 

(e2fc+i 



2 2 

2 2 



ei,e 2 fe|l < k < - 



12.2 A. Q = Ej. We don't use an explicit basis of A here. All we have to 
know is the number of no-star letters in the monomial basis elements which 
can be directly obtained from the Hilbert series HA(t) in the following way: 
given a monomial x of length I in e^Aej, n^j the number of arrows in Q 

on the shortest path from j to k of length d(k,j), x contains nkj + 1 
arrows in Q. 

So we obtain the formula 



A)k,j 



(-i)L 



HA(t)k,j 



and compute 



n A 



/ 


3 





3 











-3\ 



























3 





3 











-3 







































































\ 


-3 





-3 











3 J 



and its kernel is 



(ei + e 7 , e 2 , e 3 + e 7 , e 4 , e 5 , e 6 ) 
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12.3. Result. Now we give explicit bases for each quiver where 0j E U*[— 2] 
satisfy the properties given in section I12.ll and e% E Y*[—h — 2] are taken 
fromCES 

Note the duality HH 6 (A) = (HH 5 (A))* which was established in [EE2] . 
4>o{zq) E U\— 2h— 2], (po(uJi) E Y[— h— 2]. We choose 0o such that 0o(y>o(zo)) = 
1 (from that follows 4>k(<Po(z k )) = z k ip k (ip (z )) = o ((£o(^o)) = 1 and £, 
such that Ei(4>o(uj)) = 5ij. 

12.3.1. Q = D n+1 , n odd. We define 

Tl — 1 

£2fe-l = [e2fe-i - ei], e 2k = [e2fc],£n = [(e„. + e n +x) ~ ei],k < — — . 

12.3.2. Q = D n+ \, n even. We define 

04fc = K_ian-l(an«n a n-l a n-l)^ % 

Tl 

£2fc+i = [e2fc+i - ei],e 2 fc = [e 2 k], 1 < k < - - 1. 

12.3.3. Q = E 6 . We define 

■00 = [ata 3 (a 2 a 2 a* 3 a 3 ) 2 ], 
^6 = [-03030302], 
0>8 = [0303-0302], 

£3 = M, £6 = N- 

12.3.4. Q = E 7 . We define 

00 = [(ola403a 3 ) 4 ], 

08 = [(040 4 03a 3 ) 2 ], 
'012 = [04040303], 

£1 = [ei + e 7 ],e 2 = [e 2 ],£3 = [e3 + e 7 ],e 4 = [e 4 ],£5 = [es],e6 = M- 

12.3.5. Q = E 8 . We define 

00 = [(04 a 4030 3 ) 7 ], 

012 = [(o^a^) 4 ], 
020 = [(a^OgOs) 2 ], 

024 = [04040303], 

£1 = [ei],£2 = [e 2 ],£3 = [es],£4 = M,£s = [es],£e = [e&],e 7 = N,£s = [es]- 
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13. HH 6 (A) 

HH Q {A) = U[-2h - 2] © Y[-h - 2] = H H° (A) / Im(d%) , and Im(d%) is 
spanned by the columns of the matrices H\ which were computed in the 
previous section. 

This gives us the following result: 

Proposition 13.0.1. HH 6 (A) is a quotient of HH°(A). Im particular, 
{ HH°(A) Q = E 6 ,E 8 

n-2 

HH°(A)/(Y1 = 0,uj n = oj n+ i) Q = D n+ x, n odd 



HH 6 (A) 



1=1 

odd 



HH°(A)/CEui = 0), Q = D n+1 , n even 

i=l 
odd 

k HH°(A)/ (u 1 +u 3 -u 7 = 0) Q = E 7 

14. Products involving HH°(A) = Z 

Recall the decomposition HH (A) = C © (U[-2]) + © L[h - 2]. It is clear 
that the C-part acts on HH l (A) as the usual multiplication with C, with 
zq as identity. From the periodicity of the Schofield resolution with period 
6, it follows that the multiplication with <p{zq) £ HH e (A) gives the natural 
isomorphism HIP (A) -> HH i+& (A) for i > 1. 

We summarize all products not involving the C-part. 

14.1. HH°(A) x HH°(A) ^> HH°(A). This is already done in the HH°(A)- 
section of this paper. We state the results: 

14.1.1. Q = D n+ \, n odd. The products are 

u n - UJ n+ i j + k = . 
j + k>^ 

14.1.2. Q = -D n +i, n even. The products are 

Z ^ Z ^-\ j + k> 2fl • 

14.1.3. Eq. All products are zero. 

14.1.4. Ej. The only nonzero product is z\ = ui\ + U3 — u-j. 

14.1.5. E%. The only nonzero product is z\ 2 = Z24. 

14.2. HH°(A) x HH 1 (A) -» HH 1 (A). From the definition of the maps 9 k 
(which are generated by the central elements Z/.), it follows that the Z-action 
is natural, i.e. the multiplication rule is the same as with the z k counterpart: 

Zk@0 = 8 k- 

We state the other nonzero products: 
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14.2.1. Q = D n+ i. We have z^O^k = &4{j+k) if j + & < 2 ^ i . 

14.2.2. E 8 . We have z l2 6 12 = 9u- 

14.3. HH°(A) x HH\A) -» HH i (A), i = 2 or 3. HH 2 (A) = K[-2] and 
HH 3 (A) = K*[-2] live in only one degree, so (C7[-2]) + HH°(A) acts by 
zero. 

14.4. HH°(A) x HH 4 (A) -» HH 4 (A). We defined Cfc, such that z fc Cfc = Co 
holds. By degree arguments, only these other products are nonzero: 

14.4.1. Q = D n+1 . For I < k, z&Uk = d(k-i) (since 24(fc-o(^C4fc) = 
{ z i(k-i) z 4i)Uk) = Co, and (4(k-i) is only one element of degree -4 - A(k - I) 
in HH A (A)). 

14.4.2. Q = E 8 . We have Z12C24 = C12 (since 212(2^24) = (212Z12K24 = Co, 
and C12 is the only element of degree —16 in HH 4 (A)). 

14.5. HH°(A) x HH 5 (A) -» HH 5 (A). By definition, z k ?p k = ip holds. 
Since ipi E [/*[— 2] corr esponds to Q E ?7*[— 2] in HH i (A) with the rule 
•ZfcV'fc = V'o corresponding to z k ( k = Co above, the multiplication rules of tp k 
with elements in HH°(A) can be derived from above. 

Products involving uji E L[h — 2] C HH°(A) and 
£j = ^ Afcefc E /i — 2] are easy to calculate: u>iEj = \i[u>i] = Xitpo- 

k<=F 

Proposition 14.5.1. The multiplication ((U[-2])+)xY*[-h-2] -> HH 5 (A) 
is zero 

We will show this for any quiver separately. 

14.5.1. Q = D n+1 , n odd. For I < ft, zu^Ak = i>A(k-iy 

The nonzero products involving oj{ E L\h — 2] E HH°(A) and £j E 
F*[-/t-2] are 

W2fc-l£2fc-l = U 2k E 2k = W n £„ = lO n+ \E n = lO\E2k-l = <^i£ n = "^0, 
^l£2fc-l = w l£n = -"00- 

We show (U[-2]) + x /i - 2] — »■ HH 5 (A): by degree argument, z ik Ei = 
\ip2n-2-4k- Then z 2n -2-4k(z ik ei) = \z 2n -2-4kip2n-2-4k = AV>o, and by 
associativity this equals {z 2n _ 2 _ ik z ik )ei = (u n — uj n+ \)£i = 0, so A = 0. 

14.5.2. Q = D n+ i, n even. For I < k, Z4iip4 k = f/^ffc-i)- 

The nonzero products involving uj-i E L[h — 2] E HH°(A) and E 
F*[-/t-2] are 

W2fc+l e 2/c+l = U 2k E 2k = V'O, 
^l£2fc+l = -V'O- 

We show ([/[— 2])+ x /j - 2] — >■ HH 5 (A): by degree argument, z 4fc £j = 
A^2n-2-4fc- Then Z2„-2-4fc(z4fc£j) = Az2„_2-4fcV ; 2n.-2-4fc = AV>o, and this 
equals (22n-2-4fc24fc) £ i = 0, so A = 0. 
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14.5.3. Q = Eq. The nonzero products involving u;, E L[h — 2] C HH°(A) 
and £j e Y*[-h - 2] are 

By degree argument, (U[-2])+ x Y*[-h - 2] HH 5 (A). 

14.5.4. Q = E7. The nonzero products involving € L[h — 2] C HH°(A) 
and £j £ Y*[-/i - 2] are 

uiEi = uj 2 £2 = w 3 e 3 = w 4 e 4 = w 5 e5 = w 6 e 6 = w 7 ei = w 7 e 3 = ip Q . 

We show (?7[-2])+ x Y*[—h - 2] HH 5 (A): by degree argument, only 
products involving zs may eventually be nontrivial, 

z 8 £; = A^s, A G C. 

Then 

z s (z 8 £i) = \z 8 ips = AV>o, 
and by associativity this equals 

z\£i = {UJI + U 3 - L0 7 )Ei = 0, 

so A = 0. 

15. Products involving HH 1 {A) 

15.1. HH 1 ^) x HH 1 (A) A HH 2 (A). This follows by degree argument 
since deg HH 1 {A) > 0, deg (A) = -2. 

15.2. HH 1 (A) x HH 2 (A) -» HH 3 (A). HH 2 (A) and HH 3 (A) are trivial 
for Q = -Dn+i where n is odd and for Q = E?, Eg. 

We know that HH l (A) is generated by maps 9k and HH 2 (A) by /j [i 7^ 
z^(z), and we lift 

/ 4 :A0A[2] — ► A 

10 1 1 — > e; - e„(j) 

to 

/i : A A[2] — ► A® A, 

10 1 1 — ► ej e, - e^j) e^j). 

Then 

fid 3 (l 1) = /j( Xj z*) = ^ xjei e^x* - a^-e^) e^x*. 

XjdB Xj&B 

To compute the lift Clfi, we need to find out the preimage of ^ x^ei e^x* — 
x j e v(i) ® ^(i) 3 ^ under di. 
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Definition 15.2.1. Let b\, . . . ,b k be arrows, p the monomial ±b± ■ ■ - bk and 

define 

v p := ±(1 (g> b\ ig> b 2 ■ ■ ■ bk + h (g> 6 2 ® b 3 ■ ■ ■ bk + . . . + h ■ ■ ■ b k -i <8> b k <S> 1), 
and for i < j, 

j 



v (i,j) 
V 



■= ±/jh ■■■ k-i ®bi® bi+i ■■■b k 
i=i 

We will use the following lemma in our computations. 

Lemma 15.2.2. In the above setting, 

di{v p ) = ±(b\ ■ ■ ■ b k <g) 1 — 1 ® bi ■ ■ ■ b k ). 

From that, we see immediately that when assuming all Xj are monomials 
(what we can do), then 



so we have 

nfi-.n^A) — n(A), 



(l,deg(ij)) _ (!.deg(a;j)) 



Then 



where for s(xj) is the number of arrows in Q* in the monomial expression 

Of Xj. 

So we get 

(0 fc o 1) = Zfc( £ s(xj)xjXj - s(xj)xjx*). 

Under our identification in |EE2 , Subsection 4.5.], 

« = fe£ E ^Vr^ ^ s(xj)u^)] 6 HH S (A). 
lei xjeB^i lei xjGB;^(i) 

All products are zero if Zfc lies in a positive degree, so we only have to 
calculate the products where k = 0. 
We make the following 
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Proposition 15.2.3. The multiplication with 9q induces a symmetric iso- 
morphism 

a : HH 2 (A) = K[-2] K*[-2] = HH 3 (A). 

Now we have to work with explicit basis elements Xj € Aei, i ^ 
so we treat the Dynkin quivers separately and find the matrix M a which 
represents this map. 

15.2.1. Q = D n+ \, n even. We can work with the basis given in section [6] 
and compute 

n 

(15.2.4) 6> /„ = -([w„+i] - [uj n ]) = -nh n 

because of the relation [co n ] + [ovi+i] = in HH 3 (A). a is given by the 
matrix 

M a = (-n). 

15.2.2. Eq. We will write out the basis elements of Ae\,Ae§: 

Bi,i = (ei, 010205050201), 

82,1 = (01,0205050201,02030305050201), 

B 3,i = ( a 2 a i> a 3 a 3a2 a i) a 3 a 3a3a 3 a2ai, 050503030303020*), 

Ba,i = (030201,0305050201,03050503030505020*), 

-65,1 = (04030201,04030505030305050301), 

#6,1 = (050201,0503030505030*), 

and 

eiAe 5 = {r](x)\x £ e v ($Ae\), 

where 77(a) = —e a a and for any arrow a : i — ► j, a is the arrow j :— > i, so r/ 
preserves the number of star letters of a monomial x. From this, we obtain 

o /i = -4[wi] - 2[u 2 ] + 2[w 4 ] + 4[w 5 ] = -801 - Ah 2 . 
because of the relations w\ + uj 4 = 0J2 + ^3 = in HH 3 (A). 
We do the same thing for Ae 2 and Ae^\ 

B1.2 = (01,0102050502,01020505030302), 

-62,2 = (e2, 0202, 02050503, 020303050503, 020505030303, 0205050303050502), 
^3,2 = (02,050502,030302,0505030303,0303050502, 

03030505030302, 05050303050503, 050503030505030303), 
Ba.2 = (0303,03050503,03030303,030303050502, 

0305050303050503,03030305050303050502), 
-65,2 = (040303,0403050502,040305050303050502), 

-86,2 = (0503,05030302,050303050503,0503030505030302), 
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and we get the basis elements for eiAe^ from rj(xj) where Xj E e^^Ae^. 
Since rj preserves the number of star-letters of a monomial, we can immedi- 
ately calculate 

6> / 2 = -2[wi] - 4[w 2 ] + 4[w 4 ] + 2[w 5 ] = -Ah x - 8h 2 

because of the relations [uii] + [0*4] = [0J2] + [0*3] = in HH 3 (A). 
So a is given by the symmetric, nondegenerate matrix 



(15.2.5) M a 

15.3. HH 1 ^) x HH 3 (A) HH 4 (A). This follows by degree argument: 
deg HH l {A) > 0, deg## 3 (A) = -2, but degi/i? 4 (^) < -4. 

15.4. HH 1 (A) x HH A (A) -> HH 5 (A). 

Proposition 15.4.1. Groen <9 fc G HH 1 ^) and Q £ HH A (A), we get the 
following cup product: 

(15.4.2) fl fc Ci = i>iz k . 

Proof. It is enough to show #oCo = Vo : zi(9q(i) = ^oCoV'o implies that 
(#oG) — ^7 an d the equation above follows from 9k = ZkOo- 

Let in general x = ^ a (g) x a G HH 4 (A). Then x represents the map 

x :=A®V ®Nh — ► A, 

1 (g a, g> 1 1 — ► — x a * 

i 

I® a*® I 1 — ► x a . , 



and it lifts to 



x : A g> F g> jV[/i] — ► A® A, 
1 g) a g) 1 1 — > — 1 (g x a * 
1 (g a* (g 1 1 — ► 1 ® x a . 



Then 



(xo d 5 )(l <g> 1) = x(^ e a a ig a* (g 1 + V] e a l <g a g) a*) 

= ^ag>x a -^l(g x a r](a) + ^a*®i a .-^l® x a *r](a*) 
= a g> x a — 1 g> ax a a * ® ^a* — 1 <g a*x a * 

aeQ a£Q a£Q a£Q 

= di(y~] 1 ig a g> x a + 1 (g a* ig x a *), 
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so we have 

tlx : n 5 (A) — ► Q(A), 

1 (8) 1 i — ► ^2 1 ® a ® Xa + 1 ® a * ® Xa * ' 



aeQ 



and this gives us 



(0o°a?)(l 8) 1) = ^a*x a *, 

aeQ 

so the cup product is 

(15.4.3) 9 - x = ^Vx a *. 

aeQ 

It can be easily checked by using explicit elements that the RHS is tpo for 
x = Co; but we the reason here why this is true: for x = ^2 a ® x a = (q, the 
RHS becomes 

^a*x a * = ^2(a*,x a *)[Lj t ( a) ], 

aeQ aeQ 

where (— , — ) : A x yl ^ C is the bilinear form attached to A as a Frobenius 
algebra (see 15.3ft . 

But under the bilinear form on V <8) A, given in |EE2} Subsection 4.3.] 
which induces the duality HH 4 (A) = {HH l {A)f, 

{a®x ai b(&x b ) = da,b*e a (xa,x b ), 
2>*,z o .) = (0o,Co) = l. 

aeQ 

So for x = Co , equation (|15.4.3|) becomes 

(15.4.4) 8 ( = (6 Xo)ipo = ipo, 

because [uji] = tpo in HH 5 (A) for all i G /. □ 
15.5. HH l (A) x HH 5 (A) -» HH 6 (A). We know that 

< degCM^A)) < ft -4, 
-ft -2 < deg(HH 5 (A)) < -2, 
-2ft < deg(H# 6 (A)) < -ft- 2, 

so the product is trivial unless we pair the lowest degree parts of HH l (A) 
(generated by 9q) and HH 5 (A) (which is Y*[— ft— 2]). The product will then 
live in degree — h — 2 which is the top degree part of HH e (A), the space 
Y[-h-2]. 

Given an element ip S HH 5 (A)(—h — 2)) which has the form 

ij) :A® N[h + 2] — ► A, 

1 ® 1 i — > E Ajei G i?, 
ieF 
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this lifts to 

i> : A (g> J\f[h + 2] — > A® A, 

I® I l > ^i e i ® e i- 

Then 

to(l®l)) = X) x i® x i) = ^(Z) Y,rt x i)®n{tf)) 

Xj£B i£F xj£B i£F 

= YY ^iV{ x j) e i ® e i x *j 



so V> lifts to 



We get 



i»i - EE ^s.isf- 



nV)(l®l)=J^ X] A 4 s(x i )r ? (x i )x*, 



where is the number of arrows in Q* in the monomial expression of Xj 

(or in general if Xj IS Sj homogeneous polynomial where each monomial term 
has the same number of arrows in Q* , then s(xj) is the number of Q*-arrows 
in each monomial term). 

Under our identifications in |EE2l Subsection 4.5.], 



( XjjX j 



0oY> = XI Yl ^i s ( x j)v( x j) x *j = Yl hs{xj)r]{a 

i£F Xj&Aei i,k£F Xj£e k Aei 

To simplify this computation, we will choose a basis, such that all Xj £ 
e^Aei for some k,l G I and that additionally Xj is an eigenvector of rj for 
k,l G F (since 77 is an involution on e k Aei for k, I £ F). Let B^ be a basis of 
(e k Aei) + = ker(77| efc Ae, - 1) and B^ a basis of (e fc ^e;)_ = kei(r]\ ekAei + 1). 

Let us define 

(15.5.1) K k ,i = ^2 s ( x j) ~ Y s ( x j)- 

Then the above equation becomes 



(15.5.2) 



leF keF 



The product in the Hochschild cohomology ring of preprojective algebras of Dynkin quivers 43 

Proposition 15.5.3. The multiplication by 9q induces a skew- symmetric 
isomorphism 

f3:Y*[-h-2] =>Y[-h-2]. 

We will treat the Dynkin quivers separately and find the matrix Mg which 
represents (3 for each of these quivers. 



15.5.1. Q = D n+ \, n odd. We use the same basis as given in section [6l 
Recall that these basis elements have the property n(x) = (— l) nx x where 
n x is the number of Q-arrows in the monomial expression of x. 
We can compute that for k < I < n — 1, 



K-k,l 







keven, I odd 
k even, I even 



k < n — I 



EC-i^'Ci -k + j) + (-ir~ l EC-iV'C" - k + j) 

3=0 j=0 
n-l-1 k-1 

E (-l) j (l-k+j) + (-ir- 1 g(_i)i( n -fc+j) 
J ~° fc-i+i-n J "° fc>n-J 

J"=0 

n — k + / — 1 fe odd, / odd 
I — n k odd, I even 

-k 



for I < k < n — 1, 



Kk,l 



l-l 



l-l 



(_l)fc-i £ (_i)^ + £ (_i) J(n _ fe + j) 

3=0 3=0 
n-k-1 l-l 

£ (_l)i i+ (_l)n-i E( _ 1)J(ra _ A;+i] 

i=o 3=0 

+ (_!)«-/ £ (_!)3( n _ fe + i ) 
3=0 

n — k + / — 1 k odd, I odd 
I k odd, I even 

n — k k even, I odd 
keven, I even 



j < n — k 



j > n— k 
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for k, I < n — 1, 



f n - - 

Kfc,n = «fc,n+l = ^2{- 1 ) 3 i n ~ k ~ j) = \ _k 
3=0 < 2 

(-i) n " j E(-ir'j = { ""r 5 

„-n I 2 

n-1 

2 ^2 



fe+1 

2 



K n,£ — K n+l,l 



3=0 

n 2 - 1 



n — Kr- I odd 

k even 



3=0 

n — 3 

n — 1 



Kn,n — ^n+l,n+l 



«n+l,n = Kn,n+1 = ^(-1 • (1 + 2Z)) = 
j=0 

y*[-/i - 2] has basis e 2k +i = [e 2 fc+i - ei] (0 < k < e 2 fc = [e 2fc ] 

(A; < £n = [e n + e„+i — ei], and we can calculate the products 

Qo£2k+l = y^(^,2fc+l - «i,l)<Po(^i) 
n-2 2fc 

= 2/c ^ v?o(wi) -n ^ (^o(wi) + kipo(u n + w n+ i), 



odd euen 



^0^2*; = y^(«i,2fc+l)yo(^i) 

2fe-l n-2 
= (2ft - n) ^ foi^i) + 2k ^ ^o(Wj) + k(p Q {u n + ^n+l), 



1 = 1 i-2k+l 
odd odd 



n— 2 n— 1 



(n-1) ^ <Po(o?i) - n ^ y?o(^) + n - 1 ip (u; n + uj n+ i) 



i=l,odd i=2 

even 



We use the defining relations in Y[— h — 2], 



n-2 



i=3 

odd 
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to write the RHS of the above cup product calculations in terms of the basis 

(Ui)2<i<n- 



2k 



#0£2fc+l 



&0^2k 



V 



^2 ^o(wi), 

i=2 
even 

n-2 



i = 2fc+l 
odd 



n-1 



-11 



^2 (p °^ Ui 



i=2 
even 



(5 is given by the skew-symmetric, nondegenerate matrix 



/ 



Ma 



-n 



-n 



-re — re 



-re \ 



n 








... 


... 























— n . . . 


. . . — re 





—re 





— n 


n 





re 


... 


... 























... 


. . . — re 





—re 





— n 


n 





re 


... 


... 























... 


... 





—re 





— n 


n 





n 


... 


... 


n 




















... 


... 











— n 


\ n 





n 


... 


... 


n 





n 






with respect to the chosen basis £2 , £3 , ■ 
(£0(^2), ^0(^3) • • • <A)(w„) of Y[-/i - 2]) 



e n of /i — 2] and the dual basis 



15.5.2. Q = D n+ \, re even. We use the same basis as in section [12.2.31 for 
our computations. 
For k < I < n — 1, 



' £(- w - + 3) + (-ir- m *E 1 (-i) i (« - * +3), 

3=0 j=o 

n-l-l fe-1 

e (-lya-fc+jj+c-ir-'- 1 E(-iy(^-fc+i) 

k-l+l-n 

+(-!)«-' £ (-^(n-fe + j), 
j'=o 

n — k + I — 1 k odd, I odd 

I — re odd, Z even 

—A; keven, I odd 

even, / even 



k < n — I 



k > n — I 



16 



Ching-Hwa Eu 



j > n — k 



for I < k < n — 1, 

(_l)fc-i + (-l) n -' +1 E(-l) J '(n - k + j) j<n-k 

3=0 j=0 
n-k-1 l-l 

= <; (-I)* - ' £ (-i) J i + (-ir- /+1 E(-i) J (^-^ + i) 

J=0 j=o 
l+k—n-1 

+ (_!)»-' £ (_l)i( n _A; +i ) 

i=o 

n — k + I — 1 k odd, I odd 

I k odd, I even 

n — k k even, I odd 
k even, I even 

Y*[-h - 2] has basis e 2k = [e 2 fe], £2fc+i = [e2fc+i - ei] (1 < k < and 
we calculate the products 



#0 e 2A;+l 



n-1 2A; 



1=1, 

odd 



i=2 
even 



#0E2fc 



^(Ki,2fc)^0(Wi) 
2fe-l 

(2k - n) M + 2fc Vo(wi), 



n-2 



1 = 1 

odd 



i=2k+l 



and we use the defining relation of Y[—h — 2], 



n-2 



Vo(wi) = -^2<p(ui 



i=3 

odd 



to write the results of the cup product calculations in terms of the basis 
(p (u 2 ), Vo(lo 3 ), i/9 (u;„-i). We get 



2k 



#0£2fc+l 



&0 £ 2k 



n 



i=2 
even 

n-1 



odd 



(5 is given by the matrix 
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Mf,= 






—n 





— n . . . 


. . . — n 





—n 





—n 


\ 


n 








... 


... 























— n . . . 


. . . — n 





— n 





— n 




n 





n 


... 


... 

























... 


. . . — n 





— n 





— n 




n 





11 


... 


... 

























... 


... 





— n 





— n 




n 





11 


... 


... 


n 






















... 


... 











— n 




n 





J? 


... 


... 


n 





n 





/ 



with respect to the basis £2, £3, ... , s n -\ an d its dual basis 990(^2), ¥>o(^3)j • • • yo(^n-l)- 

15.5.3. Q = Eq. We work with the bases 

^3 = { e 3> «3«3 - a2«2, (03 a 3 ~ «2 a 2) 2 , 050503030505, 

0505030305050303,03030505030305050303}, 
B 3^3 = {«5 a 5, 03030505, 05050303, 030305050303, 

05050303(0303 - 020 2 ) 2 , 030305050303(0303 - a|a 2 ) 2 }, 
B t,3 = {0503030505,05030305050303), 

05030305050303(0303 - 020 2 )}, 
B 6,3 = {05,050303,050303(0303-0302)}, 
B t& = = i a h O3O3O5. ( a 3°3 - 0302)030305}, 

^6 = { a 5 a 5a3 a 3a5 ) a 3 a 3a5a5a3a3a5,a3a 3 a5a5(a3a3) 2 a5}, 
^6 = { e 6,05a3a 3 a5a5(a3a3) 2 a5}, 

B 6,e = { a 5<4 a 3 a h a 5( a 3 a 3) 2a t}- 
We immediately get the matrix 

Mp = ( ^ ^ W ° " 6 ) 

p V K e,3 k 6i6 j \ 6 y 

which represents the /? with respect to the basis £3, e% and dual basis (^0(^3), <po{uj§). 

15.5.4. Ej. For £7 and £"8 we don't have to work with an explicit basis to 
calculate k^i since for any basis element x, rj(x) = dbx. It is enough to know 
the following: given any monomial x £ e^Aej of length I, n^j the number 
of arrows x S Q and d(k,j) the distance between the vertices k,j, we know 
that x contains n^j + l ~ d ^'^ arrows in Q and d(k, j) — nkj + l ~ d ^'^ arrows 
in Q. 

We can derive the following formula: 
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(15.5.4) 

Kkj = (-l) B w 



H A (t) 



(d(k,j)-n kdJtd(kj) 



+ i t d 



2 dt t d ( k ^ 



The resulting matrix is 



/ 


12 


6 


9 


3 





3 


-9 


\ 




-6 





3 











-3 






15 


-3 


12 


3 





3 


-12 






-3 





-3 











-6 





















-9 









-3 





-3 





9 





-6 




V 


-15 


3 


-12 


6 





6 


12 


/ 



A basis of Y* [— h — 2] is given by 

s\ = [ei + e 7 ],e 2 = [e 2 ],£3 = [e3 + e 7 ],e 4 = [ei],e 5 = [e 5 ],e 6 
(0o£i)i<l<6 is given by 



/ 


3 


6 





3 





3 \ 




f <pq(u\) \ 




-9 



















^o(^ 2 ) 




3 


-3 





3 





3 




^o(^ 3 ) 




-9 





-9 













(^o(w 4 ) 



















-9 




^o(^ 5 ) 




-9 





-9 





9 







^o(^ 6 ) 


V 


-3 


3 





6 





6 J 







Now use the defining relation of Y[—h — 2], 

<po(uj 7 ) = ifo(^i) + 9^0(^3) 

to obtain the matrix 

/090909\ 
-9 
9 9 
13 ~ -9 -9 
-9 
\ -9 -9 9 / 

which represents j3 with respect to the basis ex . . . £q and its dual basis 
<po(ui),...,<Po(ue). 



15.5.5. E%. We can use 115.5.41 and get the matrix 
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Mp = (nk,j)k,j = 



( 





15 




-15 















-15 





























\ 


15 






which represents j3 with respect 

<Po(ui),...,<Po(<jJ8). 






15 











-15 























15 











-15 


-15 
































-15 














-15 














15 





-15 


15 





15 





15 






the basis e\,...e% and its dual basis 



Remark 15.5.5. With respect to our chosen bases (eiji^p and 0o(^i)ie/') 
such that the vertex set I' C I, together with the arrows in I form a con- 
nected subquiver Q' , Mp can be written in this general form: 



(15.5.6) Mp 
where we call (C') e the signed adjacency matrix of the subquiver Q' , that is 



(15.5.7) 



if i, j are not adjacent, 
+1 if arrow i <— j lies in Q* 
— 1 if arrow % <— j lies in Q, 



In the .D n +i-case, we have 
/ 



Mp = n 



V o 

in the £^6 _case ) we have 



1 





1 




Mp = 6 



\ 










•• 1 

-1 0/ 



1 
-1 



in the £7-case, we have 
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Mp = 9 • 



( o 


-l 











\ 


1 





-1 














1 





-1 














1 





1 














-1 





1 


V° 











-1 





and in the E^-case, we have 



Mp = 15 • 



< 


-1 

















\ 


1 





-1 




















1 





-1 




















1 





-1 




















1 





1 





1 














-1 





1 




















-1 



















-1 








°) 
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16. Products involving HH 2 (A) 

We start with HH 2 (A) x HH 3 (A) -> HH 5 (A) first and then deduce 
HH 2 (A) x HH 2 (A) -> HH 4 (A) from associativity. 

16.1. HH 2 (A) x HH 3 (A) -» HH 5 (A). We will prove the following general 
proposition: 

Proposition 16.1.1. For i/ie basis elements fi G HH 2 (A), hj £ HH 3 (A), 
the cup product is 

(16.1.2) = o^Vo- 

Proof. Recall the maps 

hj : A®N -> A, 
1 (8) 1 i— > 

and lift it to 

hj :A®N -> A <S) A, 

1 Si 1 I— > 1 <g> • 

Then 

hj{d±{l S a <8 1)) = hj(a <8 1 — 1 <8> a) = a ® = di(l ® a ® 

so 

fi/ij : ft 4 (A) -» 0(A), 
1 (8) a (g) 1 i— > 1 (g) a <S u>j . 

Then we have 

Qhj(d 5 (l<g>l)) = Vthj{ e a a S a* S> 1 + V] e a l <g a S a*) 
= e a a* cjj = rf 2 (l <g> CQj), 

so 



O 2 ^- : n 5 (A) ft 2 (A), 

This gives us 



1 <8> 1 i ^ 1 (g) . 



fi(n 2 hj)(l ® 1) = /i(l ® CJj) = tfyW,-, 

i.e. the cup product 



□ 
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16.2. HH 2 (A)xHH 2 (A) — > HH i (A). Since deg H H 2 (A) = -2, their prod- 
uct has degree —4 (i.e. lies in span((o), so it can be written as 



where (— , — } : HH 2 (A) x HH 2 (A) — > C is a bilinear form. We prove the 
following proposition: 

Proposition 16.2.1. The cup product HH 2 (A) x HH 2 (A) -> HH 4 (A) is 
given by {—,—) = a, where a (from Proposition \15.2H\) is regarded as a 
syymetric bilinear form. 

Proof. We use (115.4.2ft to get 



On the other hand, by Proposition 115.2.31 and Proposition 116.1.11 



(16.2.3) (0 o /i)/i = oi{h)fj = YtWJuhfj = (M Q )^ = (M a )ijip . 



By associativity of the cup product, we can equate (|16.2.2p and (|16.2.3|) to 

get 



HH 2 {A) x HH 2 (A) -> HH\A) 
(a, b) i-> (-,-)Co: 



(16.2.2) 



Ooifif j ) = e ((fiJ j Ko) = (fi,f j }^- 



(16.2.4) 



(f i ,f j ) = (M a ) ij . 



□ 
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16.3. HH 2 (A) x HH\A) HH 6 (A). This computation uses the Batalin- 
Vilkovisky structure on Hochschild cohomology: We have deg HH 2 ( A) = 
-2, deg HH 4 (A) > -h and deg HH 6 (A) < -h - 2. So we know by degree 
argument that 

[ I >h-4 

(16.3.1) fkCl=l ^\ s Lp(uj s ) l = h-A ■ 

We use [Eu3l (6.0.12)] and the isomorphism HH i (A) = HH 6m+2 -i(A) to 
get for the Gerstenhaber bracket on HH*{A): 

[f k ,Ci] = A(/fcCj)-A(^=0Ci-/ fc A(Ci) 

=o 

= ^A s (^+m)tyrVK)) 

s 

The Gerstenhaber bracket has to be independent of the choice of m > 0. 
This implies that the RHS has to be zero, so all A s = 0. This shows that 

(16.3.2) f k C h -4 = 0, 

so we have that the cup product of HH 2 (A) with HH 4 (A) is zero. 

16.4. HH 2 (A) x HH 5 (A) HH 7 (A). Let a G HH 2 (A) and b G HH 5 (A) 
be homogeneous elements, then ab = X9 k G HH 7 (A) = U[—2h — 2], A G C. 
Then 

A^ = A^fc2 fc = \9 k ( k = Xb(aCk) = 0, 
the last equality coming from the product a( k G HH 2 (A) U HH 4 (A) = 0. 

17. Products involving HH 3 (A) 

17.1. HH 3 (A) x HH 3 (A) ^ HH 6 (A). This follows by degree argument: 
deg HH 3 (A) = -2, deg HH 6 (A) < -h- 2 < -4. 

17.2. HH 3 {A) x #ii~ 4 (,4) HH 7 (A). This follows by degree argument: 
deg## 3 (,4) = -2, degFi? 4 (A) > -/i, degHH 7 (A) <-h-A<-h-2. 

17.3. HH 3 (A) x HH 5 (A) HH 8 (A). This follows by degree argument: 
deg HH 3 (A) = -2, deg HH 5 (A) > -h-2, deg HH 8 (A) = -2h-2 < -h-4. 

18. Products involving HH 4 (A) 

18.1. HH 4 (A) x HH A (A) ^ HH S (A). This follows by degree argument: 
degiJ# 4 (A) > -/t, degiL£f 8 (A) = -2/i - 2 < -2/t. 
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18.2. HH A (A) x HH 5 (A) HH 9 (A). This is clear for Q = D n+l , n odd, 
Q = E 7 , E 8 where HH 9 (A) = K[-2h - 2] = 0. 

Let Q = D n+ i, n even or Q = E G . Let a £ HH 4 (A), b £ HH 5 (A). The 
product HH 2 (A) x HH 3 (A) — > HH 5 (A), (x,y) h-> (x,y)(o induces a nonde- 
generate bilinear form (— , — ). If a& G HH 9 (A) = HH 3 (A)[—2h] is nonzero, 
then we can find a c G HH 2 (A), such that c(o6) = Co- But this equals 

(ca)b = since HH 2 (A) x HH 4 (A) A which gives us a contradiction. 

19. HH 5 (A) x HH 5 (A) -> HH 10 (A) 

Proposition 19.0.1. T/ie multiplication of the subspace U[— 2]* with HH 5 (A) 
is zero. 

The pairing on Y*[— h — 2] is 

r[4-2]x7*[4-2] - tf^V), 

(a, 6) i-> n(a,b)(p A (( ), 

where the skew- symmetric bilinear form fi(— , — ) is given by the matrix —Mp 
from subsection \15.5[ 

Proof. We have deg## 5 (A) > -/i - 2 and degifi? 10 (A) < -2/i - 4, so 
we can get a nonzero multiplication only by pairing bottom degree parts of 
HH 5 (A) which is Y*[— h — 2]. The product lies in the top degree part of 
HH 10 (A) = HH i (A)[-2h] which is spanned by p 4 (Co)- This gives us the 
pairing of the form (I19.0.2p . 

We want to find the matrix (f2(£j, £/))i j where £, are a basis of 
Y*[—h — 2], given in the section about HH 5 (A). Recall that the multiplica- 
tion HH 1 (A) x HH 5 (A) — ► HH®(A) was given by a skew-symmetric matrix 

((Mp) itj ) iijeF , so that (9o£i = XI ( A ^)fc,^o(w fc ). 

fceF 

We multiply £j£,- = fl(ei, £j)¥>4(Co) with 6>o (see 115.4.2]) : 
(19.0.3) 0o(£i£i) = n(ei,ei)y»5(^o)- 

Using associativity, this equals 

(19.0.4) (0 o ei)ej = ^(M^) fciiVo (wjfc)ej = (M p ) jti ^ = -(M^-^o)- 

fcGF 

We see from equations (I19.0.3j) and (jl9.0.4j) that 

n(£i,ej) = —(Mp)ij. 

□ 
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